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Abstract

We develop a dynamic macroeconomic framework with worker heterogeneity, putty-clay ad-
justment frictions, and firm monopsony power to study the distributional impact of labor market
policies over time. Our framework reconciles the well-known tension between low short-run and
high long-run elasticities of substitution across inputs of production, especially among workers
with different skills within a same education group. We use this framework to evaluate the effects
of redistributive policies such as the minimum wage and the Earned Income Tax Credit. Since
these policies can greatly differ between the short run and the long run, an accurate assessment

of their overall impact must take into account the entire time path of the responses they induce.
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1 Introduction

The high degree of wage inequality in the United States, coupled with growing evidence on firm
monopsony power in labor markets, has recently renewed an interest in redistributive labor market
policies such as the minimum wage and the Earned Income Tax Credit (EITC). Although these
policies are designed to support the income of low-wage workers, they also affect the relative prices
of these workers’ labor services by making them more or less expensive to employ relative to
other inputs of production, including other workers. Hence, the ultimate effects of these policies
on employment, income, and welfare must jointly account for any potential input substitution that
may induce over time. Such dynamic considerations are likely to be quantitatively important, since
firms are known to substitute away in the long run from workers whose relative wages increase.!

Often, the short-run impacts of labor market policies are easy to infer using well-identified
empirical strategies.? The standard approach in this vein estimates how wages and employment
change in a group treated by the policy in the one or two years after its implementation using
the corresponding changes in some other untreated group as a control. The vast majority of this
literature finds that increases in the minimum wage of various sizes lead to small short-run changes
in employment, which suggests that the short-run elasticity of substitution across inputs is low.
Longer-run effects, however, are harder to identify through such a research design as many other
forces can cause wages and employment to diverge between treatment and control groups over an
extended period of time, thus confounding the effects of the policy of interest.

Given the lack of viable empirical strategies to directly measure long-run outcomes, a natural
question is how the full dynamic effects of labor market policies can be analyzed. One approach
is to specify a framework that accounts for the potential substitutability across inputs over time
in response to a policy. But for the quantitative implications of such a framework to be taken
seriously, they need to rely on credible estimates of (i) the long-run substitutability among inputs,
(ii) how the substitutability among inputs evolves over time, and (iii) the structure of the labor
market, in particular the degree of firms’ labor market power. As we formalize, it is indeed the
interplay between the long-run substitutability of inputs and monopsony distortions that crucially
determines the long-run effects of an increase in the minimum wage or an expansion of the EITC.

In this paper, we fill a gap in the literature by developing a framework in which the elasticity

of substitution across inputs of production endogenously changes over time so as to analyze the

LA large literature has shown the empirical importance of labor-labor substitution in production. See, for example,
Katz and Murphy (1992), Card and Lemieux (2001), Borjas and Katz (2007), and Bils, Kaymak and Wu (2024).

2For work on the short-run effects of labor market policies such as the minimum wage and the EITC, see, for ex-
ample, Neumark and Shirley (2022) for a recent survey on the minimum wage literature and Whitmore Schanzenbach
and Strain (2021) for a recent paper on the EITC.



dynamic effects of labor market policies. To do so parsimoniously, we combine a model of putty-clay
capital with rich worker heterogeneity, firm monopsony power, and frictional labor markets. We
note that important parameters of this model can be disciplined with standard moments from the
labor and macro literatures, which identify key features of production technologies through plau-
sibly exogenous sources of variation unrelated to labor market policies. For example, the long-run
substitutability across workers of different productivity has been frequently estimated by exploiting
exogenous changes in the size of different productivity groups; see, for example Katz and Murphy
(1992), Card and Lemieux (2001), Borjas and Katz (2007), and Bils, Kaymak and Wu (2024). In
contrast to the small short-run elasticities of substitution across workers implied by changes in
the minimum wage, this literature finds much larger longer-run elasticities of substitution across
workers. Accordingly, we maintain that the long-run substitutability across workers of different pro-
ductivities in response to changes in labor market policies is similar to the long-run substitutability
across workers of different productivities in response to exogenous changes in the size of different
demographic groups. Through the lens of our model, such a mapping is appropriate.

At its core, our framework is a new model of dynamic labor adjustment, which extends the
putty-clay model of Gilchrist and Williams (2000) to incorporate worker heterogeneity.® The idea
is that when making investment decisions, firms choose among units of capital that require different
mixes of workers to be operated. In the long run, firms can flexibly substitute across workers by
investing in different types of capital—a margin of adjustment that we discipline through the
estimates of long-run labor-labor substitutability discussed above. Once a unit of capital is in
place, however, production is Leontief in its required mix of workers. Thus, in the short run, firms
can only adjust their labor demand by choosing how much to utilize each unit of installed capital.
We show that information on capital utilization and depreciation rates can be used to discipline
this short-run margin of adjustment as well as the speed at which the economy transitions to the
long run. Through this dynamic structure, our model is jointly consistent with existing estimates
of low labor-labor substitutability in the short run and high labor-labor substitutability in the long
run.

Since firm monopsony power is often a justification for labor market policies, we incorporate it
by assuming that workers have idiosyncratic preferences over firms.* This feature drives a wedge

between firms’ average and marginal costs of hiring a worker, resulting in them paying lower wages

3Putty-clay models have been shown to explain well the dynamic adjustment of the capital stock to a variety of
macroeconomic shocks. See, for example, Gilchrist and Williams (2000), who show that unlike models with standard
capital, models with putty-clay capital can generate a prolonged hump-shaped response in hours, persistent changes
in output growth, and steeper recessions relative to expansions in response to business cycle shocks.

4That labor market policies such as the minimum wage may correct monopsony distortions dates back to Robinson
(1933). For a recent discussion, see Manning (2021a), Manning (2021b), and Berger, Herkenhoff and Mongey (2025).

2



compared to the efficient level and hiring fewer workers. Ideal labor market policies that correct
both distortions are a minimum wage for each worker set equal to a worker’s competitive wage
and a subsidy to vacancy creation for each worker. Since these policies are complex, we study two
common policies used in practice: a uniform minimum wage and transfers to low-income workers.
Based on the intuition gleaned from our ideal policies, we note that for any given worker, these
policies can generate employment and welfare gains if they move wages closer to their efficient level.
However, if they raise wages beyond this level, firms will substitute away from such workers at a
speed governed by the putty-clay production structure outlined above. In this sense, the long-run
effects of labor market policies are determined by both long-run input substitution elasticities and
the extent of firm monopsony power in the economy.

We close the model in general equilibrium allowing for search frictions in the labor market. In
practice, search frictions help us to pin down labor market allocations when the minimum wage
binds. But, more importantly, combining search frictions and monopsony power allows us to inter-
pret existing empirical estimates of wage markdowns. In particular, wage markdowns in our model
consist of both an inefficient component, due to monopsony distortions, but also an efficient compo-
nent, due to firms needing to be compensated for the costs incurred in hiring workers.> We discipline
the total wage markdown, which reflects both components, using recent estimates by Seegmiller
(2021), Lamadon, Mogstad and Setzler (2022), and Berger, Herkenhoff and Mongey (2022), which
find that, on average, workers are paid between 65% and 85% of their marginal products. We then
pin down the efficient share of the wage markdown using moments on labor market flows, which
reveal the degree of search frictions. Quantitatively, we find the efficient component of the wage
markdown to be small compared to the inefficient monopsony component.

Our main result is that taking into account the dynamic adjustment of labor is necessary to
correctly assess the full impact of labor market policies. Our model is ideally suited for such a
policy evaluation exercise because of its unique ability to simultaneously generate low labor-labor
substitutability in the short run, consistent with the minimum wage literature, and high labor-
labor substitutability in the long run, consistent with the classic work of Card and Lemieux (2001)
and Borjas and Katz (2007). We illustrate this result using the minimum wage as our leading
example because it provides an instance of a particularly clean mapping between the policy under
consideration and the implied changes in the relative wages of different types of workers. Crucially,
we show that the long-run direction of adjustment depends on the size of the change in the minimum
wage being contemplated. Due to firm monopsony power, a small increase in the minimum wage

ultimately increases the long-run employment of workers for whom the minimum wage binds by

®See, for example, Kline (2025) for a recent discussion.
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reducing the monopsony distortions they face. However, increasing the relative employment of
these workers requires firms to build new types of capital that are more intensive in the use of these
workers’ services, which takes time to accumulate. The fact that employment changes little in the
short run can then be consistent with employment for low-productivity workers actually increasing
in the long run for small changes in the minimum wage.

By contrast, a large increase in the minimum wage ultimately decreases the long-run employ-
ment of low-productivity workers by making them too expensive to employ relative to their marginal
products. But, again, it takes time for firms to substitute away from these workers due to the
putty-clay nature of technology. Namely, in the short run, firms do not have an incentive to dis-
miss employed workers because doing so would require forfeiting the monopsony profits they still
earn on high-productivity workers, given that installed capital is Leontief across workers. Instead,
firms progressively substitute away from less productive workers by not fully replacing those who
naturally attrit, thereby leaving idle some of their existing capital. At the same time, firms start
installing new capital that is less intensive in the use of such workers’ services. Note that if capital
utilization were full, as simpler putty-clay models imply, then the decline in employment in re-
sponse to a minimum wage increase would occur at most at the speed at which capital depreciates.
Instead, our model with an endogenous capital utilization margin can accommodate richer patterns
for the speed of an economy’s transition. It does so by allowing firms to flexibly choose to idle more
of their existing capital and thus to phase out workers more quickly than capital depreciates. In
this sense, our model breaks the mechanical link between worker attrition and capital depreciation
that is essentially hard-wired into first-generation putty-clay models.

The slow overall adjustment in employment just described shapes how a minimum wage policy
impacts the labor income of affected workers. On impact, the minimum wage immediately raises
the wages of all workers bound by the new minimum. For a small increase in the minimum wage,
these labor income gains increase over time as firms gradually hire more of these workers. In this
sense, our putty-clay technology delays the ultimate long-run benefits of the policy. On the contrary,
for a large increase in the minimum wage, the initial labor income gains for the lowest-productivity
workers are eroded over time as firms slowly substitute away from these workers. The employment
loss is eventually large enough that the labor income of the lowest-productivity workers ultimately
falls. In this case, our putty-clay technology delays the long-run costs of the policy.

Quantitatively, we use our model to illustrate the potential limitations of two common strategies
for the evaluation of policies, which fall short of accounting for their full dynamic effects. First,

a typical static or short-run analysis measures in the data the effects of a minimum wage change



over the first couple of subsequent years and then presumes that what occurs during this period of
time captures what occurs from then on. Second, a typical long-run or steady-state analysis instead
assesses the impact of labor market policies by comparing the new and old steady states of an
economy. We show that both the short-run and long-run approaches severely misstate the overall
labor income gains from labor market policies. For example, by accounting for the full transition
path following an increase in the minimum wage to $15, we find that a worker originally earning
$7.50 experiences a present value increase in labor income of about 40%. A static calculation would
predict instead that labor income increases by 80%—twice as much. By contrast, a steady-state
calculation would predict that labor income decreases by 60%. Although these examples are admit-
tedly simplified representations of standard approaches, they illustrate our key message. Namely,
when an economy’s response to a sizable change in policy is slow, as existing evidence suggests,
any comprehensive assessment of the associated benefits or costs must take the full dynamics of
adjustment into account.

Despite these results being primarily illustrated in the context of the minimum wage, similar
lessons apply to the EITC. The key difference is that under the EITC, the government, rather
than firms, pays the cost of increasing the wages of low-productivity workers. As a result, the
EITC reduces monopsony distortions without creating an incentive for firms to substitute away
from lower-productivity workers, thus leading to an increase in their employment in the long run.
As is the case for a small increase in the minimum wage, it takes time for firms to increase the
employment of these workers, which delays the ultimate long-run benefits of the EITC. Here too
both a naive static and a purely steady-state analysis provide a poor approximation to evaluating
changes in the EITC over the full transition path that an economy experiences. These results also
suggest that a large increase in the EITC—possibly funded by a tax on corporate profits—may be
a preferred way to support lower-income workers relative to a large increase in the minimum wage,
because the EITC reduces firms’ incentive to substitute away from the affected workers over time.

We show that our parameterized framework matches many of the broad empirical patterns doc-
umented in the literature. For example, Clemens and Strain (2021) examine the employment effects
of minimum wage increases of various size in the short and medium run. Consistent with the predic-
tions of our model with putty-clay capital and firm monopsony power, they find empirical evidence
that small minimum wage increases generate no employment declines in either the short or the
medium run. Larger minimum wage increases, however, lead to no short-run employment declines
but result in much larger employment declines in the medium run. In line with our key labor-labor
substitutability assumption, Horton (2025) relies on a large-scale experiment from an online job

platform to show that after the imposition of a randomized minimum wage on the platform, treated
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employers systematically substitute away from lower-skilled workers towards higher-skilled ones.
Likewise, Clemens, Kahn and Meer (2021) provide evidence that firms substitute toward older and
higher-educated workers after a minimum wage increase. Finally, Harasztosi and Lindner (2019)
document that in response to a large and persistent increase in the minimum wage in Hungary,
exposed firms adjusted their capital stock in the long run.

A core contribution of this paper is the creation of a quantitative model that researchers and
policymakers can use to assess the full dynamic impact of labor market policies on worker welfare.
Some of the key elements of our framework have antecedents in the existing literature. As noted
above, we augment the model of putty-clay model developed in Gilchrist and Williams (2000)
by including heterogeneous workers. Additionally, Sorkin (2015) uses a simple, partial equilibrium
putty-clay model with one type of workers to illustrate that the short-run effects of the minimum
wage measured by the empirical literature may be different from the long-run ones.® However,
his model abstracts from worker heterogeneity and firm monopsony power, which we find are
critical in shaping the dynamic effects of the minimum wage over time.” Our model of monopsony
builds on that in Berger, Herkenhoff and Mongey (2022) by setting it in a frictional labor market,
adding rich worker heterogeneity and putty-clay input adjustment.® Finally, the search literature
has also studied the effects of labor market policies in various types of frictional labor markets
without inefficient monopsony or putty-clay input adjustment.? By combining and extending these
various strands of the literature, we have developed a framework that yields distinct theoretical
and quantitative predictions about the dynamic effects of labor market policies.

Ultimately, we hope that our framework will help focus the discussion of the benefits or costs
of the minimum wage and other income support policies on the magnitudes of two key parameters:
the degree of monopsony distortion in labor markets and the degree of labor-labor substitutability
across workers of different productivity. We believe that focusing on refinements in the measurement
of these key parameters is a promising way forward in the decades-long debate over the pros and

cons of labor market policies.

5Sorkin (2015) adapts the putty-clay setup of Atkeson and Kehoe (1999)—used to model the slow decline of an
input of production, energy use, in response to an exogenous increase in its price—to model the slow decline of
another input, the change in employment, in response to an exogenous increase in the minimum wage.

" Aaronson et al. (2018) develop a model with two types of workers in which firm entry and exit is the only intensive
margin of labor adjustment to the minimum wage. Like Sorkin (2015), they abstract from firm monopsony power.

8Berger, Herkenhoff and Mongey (2025) uses the model in Berger, Herkenhoff and Mongey (2022) to study the
minimum wage in an environment with rich firm heterogeneity. They focus on the long-run effects of the minimum
wage in a static environment. See Mousavi (2022) and Berger et al. (2024) for work exploring the interaction between
monopsony distortions and taxation more broadly.

9See, for example, Eckstein and Wolpin (1990), Flinn (2006), Ahn, Arcidiacono and Wessels (2011), Engbom
and Moser (2022), and Drechsel-Grau (2022). Given the observed frequency of labor market flows in the U.S. data,
transition dynamics solely due to search frictions are much faster than those generated by our putty-clay model.



2 Model

We now develop our model with putty-clay capital, firm monopsony power, and search frictions in
the labor market. Our economy features a single output good used for consumption and investment
over an infinite horizon in discrete time.'® Households maximize utility by choosing their consump-
tion, labor supply, and intensity of job search. Firms maximize profits by investing in capital,
deciding how much of their capital to use in production, and hiring workers. In this section, we

describe the model without any labor market policies.

2.1 Households

Households or families differ in their type ¢ € {1,2,...,1}, which describes attributes that are
imperfectly substitutable in production. In our quantitative analysis, a type consists of a household’s
education level and labor efficiency, which allows us to match the distribution of wages within and
across education groups in U.S. data. Families of type ¢ have measure u;, and each is composed of

a large number of members.'! Each family has preferences represented by the utility function

Z:O BUU(cig, g, si¢) with ng = (Z] n?) “*1 ond St = Zj Sijt,

where ¢;; is the family’s consumption of the output good, n;; is an index of the disutility of work,
sit is an index of the disutility of labor market search, and j denotes a firm. The index n;; describes
how a family views jobs at different firms j as imperfect substitutes for each other, which gives rise
to firm j’s monopsony power in hiring workers as described below.'? The extent of firm monopsony
power is governed by the degree of substitutability of jobs in workers’ preferences captured by the
parameter w. In particular, as w — 0o, jobs at different firms become perfect substitutes and firm
monopsony power vanishes. We make this point formally below.

In our directed search setting, at the beginning of each period ¢, families observe the current
employment offers from each firm j. A job offer for members of a family of type i can be summarized
by the tightness 0;;; of the sub-market of firm j’s jobs, defined as the ratio of the firm’s posted
vacancies (;a;;¢ to the workers searching for them p;s;5;, and the present value of wages W;ji11

over the life of the match as detailed below. Given these offers, each type-i family chooses the

19See Aaronson and French (2007) and MaCurdy (2015) for analyses of the minimum wage that account for dif-
ferential effects of the minimum wage on the relative prices of the goods of different sectors, which employ different
mixes of workers. Although extending our framework along these dimensions is straightforward in principle, it is chal-
lenging in practice. Any quantitative analysis would require disciplining each sector’s production structure, including
the elasticity of substitution among worker skill groups within each sector, the elasticity of demand of each sector for
each skill group, and input-output links among sectors, which is beyond the scope of this paper.

"This formulation implies perfect consumption risk sharing within each type-i family as in Merz (1995) and
Andolfatto (1996) yet it allows for imperfect consumption risk sharing across families of different types.

123ee Berger, Herkenhoff and Mongey (2022) and Deb et al. (2024) for related preferences and discussions of their
microfoundation. This specification can be thought of as arising from a family’s idiosyncratic valuation of work at a
particular firm due to, say, its preference over locations or other non-wage amenities.
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measure of family members s;;; searching for jobs at each firm j. This measure of family members
finds a measure of jobs Ay (0;j¢)sije at firm j in period ¢, begins working in ¢ + 1, is paid the wage
Wijt+r = (14 9)"wiji+1 per member in each period 7 > 1 of employment, and exogenously separates
with probability ¢ at the end of each period, where g is the growth rate of the economy and the
stream of wage payments {w;j;1-} has present value Wj;11. A type i-family’s problem is to choose
sequences of consumption {c; }, measures of family members searching for jobs at each firm j {s;j},

and measures of family members employed at each such firm {n;;} to solve

max Zt:o B'U(cit, nit, sit) (1)

CitySijt,Mijt+1
s.t. Nijt+1 = (1 — U)Hijt + )\w(eijt)sijt
0o 00
tho Qocit = GP +1; + Zt:o Qo Z]. A (03jt) $ijt Wigt+1,

where the first constraint is the law of motion of employment in which ¢ is the exogenous separation
rate and Ay (05¢)sij¢ is the measure of searching members who find jobs. The second constraint is
the period-0 budget constraint where Qo denotes the price of a claim to output in period ¢ in units
of output in period 0, ;P is the family’s share of the present value of firm profits P, and I; is the
present value of wages promised to family members initially employed in period 0.

The family’s labor supply decisions are summarized by the first-order condition for the measure
of a family’s members searching for jobs at firm j in period t given by

Usit
Ucit

= Qt,t+1 0 (0i5t) Wijeg1 + Vijegr) if 5550 > 0,

where U.;; and Uy, denote the derivative of U; with respect to ¢ and s;;. The left side of this
equation is the marginal disutility of searching for jobs in period-t consumption units, which is
equated across all firms j whose jobs workers search for. The right side is the marginal benefit of
searching for jobs, which reflects that a worker finds a job at firm j at rate A, (6;j¢), begins working
in the next period, and receives the present value W;j; 11 of wage payments net of the present value
Vijt4+1 of the disutility of work at firm j, both discounted by Q1. Throughout, we denote by
Qt,s = Qo,s/Qo,+ the price of the output good in period s in units of the output good in period ¢.

The present value of the disutility of work at firm j is recursively defined as

1

U.. T w
nit+1 <m+1> + Qut1,t42(1 — o) Vijito. (2)

Vijt41 = —+——
Y Ucit+1 \ Mit+1
If workers search for jobs at firm j in period ¢, then the value of doing so must be at least as
large as the value of searching for jobs at any other firm j' in that Qy ¢+1Aw (0ije) (Wijes1 + Vijey1) >

Wit = maxjr { Q141w (0ijre) (Wijrer1 + Vijrer1) b In a symmetric equilibrium in which all firms other



than firm j offer workers the common value Q¢ ¢41 A (i) (Wits1 + Vieg1), this inequality reduces to

Qtt+1 0 (0ije) Wijt1 + Vijer1) = Wit = Qa1 0 (0it) Wigp1 + Vieg1), (3)

where W;; is the market value of an offer. We refer to (3) as the participation constraint because
firms understand that any job offer they make must satisfy this condition for them to be able to
attract workers. As we formalize below, this constraint is our model’s version of the firm-specific
labor supply curve that arises in static models of firm monopsony power—see Robinson (1933) for
an early reference—since imposing this constraint implies that each firm views itself as facing an
upward-sloping supply curve of workers for its jobs. This supply curve is dynamic in our framework
because both workers’ job search decisions and firms’ hiring decisions are intertemporal due to
search frictions. In particular, forming an employment relationship entails incurring costs now—
time for workers and resources for firms—for the prospect of future benefits—wages for workers
and profits for firms. As we show below, firms’ monopsony power affects not only the wages that
firms pay to workers but also the number of job vacancies firms post or, equivalently, workers’
probabilities of finding a job. It turns out that the impact of firms’ monopsony power on these two
margins leads to distinct sources of inefficiencies in the labor market: wages are lower and vacancies

are fewer than in the corresponding competitive equilibrium.

2.2 Firms

We develop a production structure in which short-run and long-run elasticities of substitution differ
not only between capital and labor but also across different types of labor. To this end, we extend
the putty-clay setup of Gilchrist and Williams (2000) with endogenous capital utilization to an

environment with heterogeneous workers, search frictions, and firm monopsony power.'?

Production Technology. A large but finite number of identical firms indexed by j = 1,...,J
operate installed capital whose productivity differs along two dimensions. First, all units of capital
produced in t have the same permanent vintage productivity A;. Vintage productivity grows at a
constant rate g4 chosen so that its evolution, A, 11 = (14 ga)As, generates an aggregate economic
growth rate of g. This productivity growth leads to natural obsolescence of older vintages of capital,
since the older the vintage is, the less productive capital is relative to the newest vintage. This force
leads firms to progressively shut down older, less productive capital before shutting down newer,
more productive capital. In period ¢, we index a firm’s history of past installed capital vintages by

their date of installation ¢t — 7; along a balanced growth path, we equivalently index them by the

13We adopt the technology of Gilchrist and Williams (2000), who demonstrate that their version of the putty-clay
model captures well business-cycle dynamics. Indeed, the authors argue that in many dimensions, their putty-clay
setup actually fits the data better than the standard putty-putty setup.



number of periods since they have been installed 7 > 0.

Second, within each vintage of capital, any new unit of capital is subject to a permanent
idiosyncratic productivity shock e. Specifically, if a firm installs K units of capital, referred to as
machines, then a measure 7(e)K of these machines has idiosyncratic productivity e, where 7(¢) is
the p.d.f. of ¢, which has mean 1, and II(¢) is its c.d.f. One interpretation of these idiosyncratic
productivity differences among new units of capital is that machines are often standardized and,
as a result, can be more or less adequate for their particular use at a firm after they are installed.
We show that these differences generate an active margin of variable capital utilization within
each capital vintage, because firms have an incentive to shut down machines with lower & within
a vintage. The total productivity of a type-(A;_r, ) unit of capital is A;_,c. We first describe the

familiar putty-putty version of this production structure and then move to the putty-clay version.

Putty-Putty Production. If firm j combines K j;(A;—r,€) units of type-(A;_-, €) capital with N;j;(A;—r,-
¢) units of each type of labor, it produces A;_re X F' (Kjt(At—r,€), Nijt(Ai—r,€), ..., Nijt(Ai—r,€))
units of output in period ¢, where F/(K, Ni,..., Ny) is a constant returns-to-scale production func-
tion. We assume that F(K,Ny,...,N;) = KYG(Ny,...,N;)'=®, where G(Ny,...,Ny) is also
a constant returns-to-scale function.'* In our quantitative work, we specify G(Ny,...,Nj) to
be a constant-elasticity-of-substitution (CES) function for consistency with the empirical litera-
ture on the elasticity of substitution in production among different groups of workers. Since the
production function F' features constant returns to scale, we can write it in intensive form as
F(K,Ny,...,N;) =K x F(1,N1/K,...,N;/K) = K x f(v), where v = (vy,...,vr) is the vector
of labor-to-capital ratios or labor intensities v; = N;/K and f(v) = F(1,v). We can then express

the output produced using Kj;(A;—-,¢€) units of type-(A;—-, ) capital as
At_TE X Kjt(At—T7 E) X f (Uljt(At—Ta 8), . ,’Uth(At_T, 6)) .

In the putty-putty model, firms freely choose these labor intensities v;;i(A;—r,¢€) for each type
of capital in any period. The optimal choice is to equate labor per efficiency unit of capital across
machines, resulting in the aggregate production function Yj; = F'(Kjs, Nujt, ..., Nrjt), where Ky
is the aggregate efficiency units of capital; see Appendix C. In contrast, in the putty-clay model,
firms cannot reassign workers ex post to equate labor per efficiency unit of capital so no analogous

aggregate production function arises. We consider this version of the model next.

Putty-Clay Production. In the putty-clay model, firms choose the labor intensity of capital of any

1A Cobb-Douglas technology in capital and the labor aggregate is required to achieve balanced growth with
vintage capital productivity growth. This specification is also broadly consistent with estimates of the elasticity of
substitution between capital and labor in the literature. For instance, Oberfield and Raval (2021) suggest values for
a between 0.5 and 0.7, whereas Karabarbounis and Neiman (2014) estimate a value of 1.25.
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vintage—when capital is putty—but cannot adjust it once capital is installed—when capital hardens
to clay. This setup provides a parsimonious way to allow short-run elasticities of substitution across
all inputs to differ from long-run ones. For example, a firm may invest in either a machine that needs
to be operated by many low-skilled workers and few high-skilled ones or a machine that needs few
low-skilled workers and many high-skilled ones. After this decision is made, the skill mix of workers
needed to operate the chosen machine is fixed over the life of the machine. Following Gilchrist and
Williams (2000), we assume that the labor intensity of capital is set before capital is installed and
the idiosyncratic productivity € of each unit is realized. This timing assumption leads to an active
shutdown margin for each unit of capital. We index a unit of capital by (v, A;_;, ), where v is the
fixed vector of labor intensities v; = N;/K. Specifically, if a firm combines Kj;(v, Ai—,€) units of
capital with Ny (v, A¢—r,€),..., Ni(v, Ar_;, &) units of each type of labor, it produces output
Niji(v, Ay—r,€) ’ Nrji(v, Ay—r,€) } < f(0). (4)

Yji(v, Ay—r,€) = A4—re X min {Kjt(v, Ai_r,€), -
The minimum operator captures the Leontief nature of production once capital is installed. The

U1 vr

maximum output that a firm can obtain from these units of capital is when it assigns to them
Nijt(v, Ai—7,€) = v; Kji(v, Ai—7,€) units of labor of each type i—mnamely, in exactly the required
proportion. We refer to v; K as the labor requirement of type-i workers for a machine of type v. If the
firm allocates too much labor of type i to the machine in that N;j (v, Ai—r,€) > v;Kji(v, Ai—r,€),
then the excess labor of type i assigned to the machine, Njj:(v, A¢—r,€) — v Kjt (v, Ai—7, €), remains
idle. Likewise, if the firm allocates too little labor of type i to the machine in that Njj (v, A—r,€) <
v; Kt (v, Ai—7, €), then some of the capital, v; K1 (v, Ai—7,€) — Nijt (v, Ai—r, €), remains idle, that is,
the firm shuts down some of that type of capital. If a firm has a total amount NV;j;; of workers of
type 4, then the allocation of type i-workers across machines, namely, N;j;(v, A¢—r, ) for a machine

of type (v, A;—r,€), must satisfy the adding-up constraint

> / Niji(v, Ay—r,€)m(e)dvde < Nijy. 5)
T Jue

The long-run elasticity of substitution across inputs is governed by the intensive-form production
function f(v). To see how, Figure 1 plots isoquants of the short- and long-run production functions
with A;_r = ¢ = 1 and one type of labor so that G(N) = N. The long-run isoquant is generated by
the putty-putty production function F(K, N) = K“N!'=% with intensive form f(v) = (N/K)!=%.
A firm with a putty-clay production function can choose ex ante among different types of capital
with any labor intensity v = N/K along a long-run isoquant. However, once capital is installed,
its labor intensity v is fixed and a firm’s only choice is how much of it to utilize, that is, where

on the corresponding ray from the origin a firm chooses to locate itself. Over time, though, firms
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FIGURE 1: Short-Run vs. Long-Run Isoquants
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Notes: Short-run and long-run isoquants of putty-clay model with no capital heteorgeneity, A;—- = ¢ = 1, and one

type of labor, G(IN) = N. The long-run isoquant corresponds to F'(K, N) = 0.57. Short-run isoquants correspond

to Leontief production functions for different labor intensities v = N/K.

can choose different points along the long-run isoquant by accumulating different types of capital.
Likewise, with multiple types of workers so that, say, F'(K, Ni, No) = K*G(N1, N2), a firm over
time can gradually substitute across workers by installing new machines that embody different
labor-to-capital ratios. For example, when the minimum wage increases, firms can substitute away
from low-productivity workers towards higher-productivity ones or capital. Below we show that the
speed of the economy’s adjustment to labor market policies critically depends on how much of the
existing capital is utilized and the rate at which new capital with different input mixes is installed.

To be able to characterize the firm’s problem using standard first-order conditions, we express
output in terms of capital utilization rates and replace the Leontief representation of production
with inequality constraints on these rates. Specifically, we write the output of each machine of type
(v, A¢—r,€) in terms of the worker-to-capital ratios Nyji(v, Ar—r,€)/Kji(v, Ai—r,€) so that

1 Nya(v, Apor, 1 Npa(v, Ay,
}/}t(va At—T? 5) = At—Tngt(,U? At—T> 5) min {17 7' 1Jt(v, : 6) — IJt(U : 8) } f( )7
(6)

v Kj(v,Arye) " Tor Kj(v, Ay_r )

and then define the wutilization rate uji(v, A;—r,€) for each machine as

) 1 Nijt(v,Ai—r,€) 1 NIjt(UvAt—TaE)}
wit(v, As_r,€) =minq 1, — - ey —
(0 Avr,€) { v Kji(v, Az, €) vr Kji(v, Ai—r,€)

(7)

This utilization rate is less than 1 if a firm assigns fewer workers than required of any type to
operate the machine at full capacity, namely, Njj (v, Ai—r,€) < v;Kj¢(v, Ay_7,€) for any type i.

A firm chooses the utilization rate of each machine subject to the three constraints
th('l), At—T7 6) > 07 th('l), At—T7 E) < 17 and ujt(vu At—7'7 E) < Nijt(va At—’T7 E)/(Uint('U, At—7'7 E)) (8)

The first constraint, w; (v, A;—-, ) > 0, captures the non-negativity constraint on Nijt(v, Ai_r,€),

as inputs cannot be negative. We capture the constraints imposed by the Leontief structure in (4)
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with the two constraints uj; (v, A—r,e) < 1, since capital cannot be utilized beyond its capacity,

and wjt(v, As—r,€) < Nije(v, Ar—7,€)/ (Vi Kji (v, Ay—r,€)). We can then rewrite (6) using (7) as
Yjt(v, At—r,€) = At—re X ujt(v, At—r, ) X Kjt(v, As—r) f(v), (9)

and append the constraints on capital utilization just described to the firm problem.

Investment. Each period t, firms choose how much new capital Xj;(v) of vintage ¢ to install
for each labor intensity v. Since capital depreciates at rate d, the amount of (v, A, €)-type capital
left in period t + 7 is (1 — )77 () Xj¢(v, Ar). A key assumption is that investment is irreversible in
that Xj;(v) > 0. Otherwise, firms could replicate the putty-putty model by converting the existing
capital back into output and then investing this output into the optimal type of putty-clay capital.

Hiring. Firms hire workers in a monopsonistically competitive labor market subject to search fric-
tions, in which matching is governed by the constant returns-to-scale matching function m(u;a, p;s).
In period ¢, firm j creates a measure of vacancies p;a;j; at cost x; each and posts offers of the form
(0ije, Wiji+1) to attract workers of each type ¢, where market tightness ;5 = piaiji/(1isije) deter-
mines the measure Ay, (0;5¢) 14:S;5¢ of searching workers from the p; type-i families that find a job with
firm j and the measure Af(6;;¢)piaij; of type-i workers hired by firm j. Firms are able to attract
workers whenever their offers satisfy the participation constraint in (3)—we maintain that firms
treat symmetrically individual families of the same type. The measure {N;j;} of workers of type-i
employed by firm j in ¢ evolves according to labor transition law Njji11 = (1—0) Nije+ A (0s5¢) pricije-
We take the number of firms J to be finite so that each firm hires a measure of workers but large

enough that they act as monopsonistic competitors; see Burdett and Judd (1983).

Firm Problem. Let th:ZTfM Yji(v, Ai—r, e)m(e)dvde with Yji(v, Ay, €) as in (9). Taking as
given the sequence of intertemporal prices {Qo:} and the market value of offers {W;;}, each firm
J chooses sequences of investments {X;(v)} in each capital type v, allocations of type-i workers
{Nijt(v, A4—,€)} across installed capital for each machine of type (v, A;—r, ), measures of vacancies
to post {uai} for workers of each type 4, job offers {6;;:, Wije41} for each such type, and total

workers {N;;;} of type i understanding that N;j; = p;n;j: to maximize the present value of profits

00 I 1
P = tho Qo {th — /th(v)dv — Zi:l Kit[liGijt — 21:1 Af (O piaijiQuat i Wigesa | - (10)

Constraints to this problem are the participation constraints in (3) for all ¢ and ¢, the adding-
up constraints in (5) for all ¢ and ¢, the utilization constraints in (8) for all ¢ and ¢, the labor
transition laws for all ¢ and ¢, the investment irreversibility constraints Xj;(v) > 0 for all ¢, and the

nonnegative vacancy posting constraints p;a;j; > 0 for all ¢ and ¢.
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Equilibrium. We focus on symmetric equilibria in which all firms make the same decisions. A
symmetric monopsonistically competitive search equilibrium consists of 7) allocations for each type
i of households, namely, sequences of consumption, {c;;}, measures of family members searching
for jobs at each firm j, {s;;;}, and measures of family members employed at each such firm, {n;; };
it) allocations for firms, namely, sequences of investments in each capital type v, {X;(v)}, associ-
ated capital stocks {Kji4r41(v, A¢,€)}, allocations of workers of each type i to each machine type
(v, Ai—7,€), {Nije(v, Ai—r,€)}, utilization rates for each machine type (v, Ai—r,€), {uji(v, Ar—r,€)},
measures of vacancies to post for each worker type 4, {y;a;5 }, employment offers, {6;;;, Wij:}, and
the total measure of employed workers of each type, {N;j+}; i) intertemporal prices, {Qq .}, for
consumption goods such that at these allocations, a) each household i’s allocation solves (1); b) each
firm j’s allocation maximizes (10); ¢) at each date ¢, job-finding and job-filling rates are consistent
with the matching function; d) total employment of workers of each type at each firm j, {Nyj},
satisfies the adding-up constraint in (5) and the labor transition laws; e) labor demand equals
labor supply for each type i of worker, N;j; = piniji, at each date ¢; and f) the output market
clears, > . picit + Z” KitfbiQijt + Zj fv Xji(v)dv = Zj; Y;:. We build intuition along the balanced
growth path or BGP of the economy. Along this path, consumption, investment, output, wages,
and the disutility of work and search grow with the economy at rate 1+ g. Job search, employment,

vacancies, and intertemporal prices are constant.

3 Equilibrium Characterization

We now characterize equilibrium. We mainly focus on the firm problem, since it determines the
key margins affecting the economy’s response to labor market policies. First, endogenous capital
utilization governs the short-run labor demand for labor given the distribution of installed capital.
Second, investment in new types of capital lead to an increasing degree of substitutability across

different types of workers over time.

3.1 The Allocation of Labor to Capital: Capital Utilization

We can decompose a firm’s dynamic profit maximization problem into a static component, governing
the allocations of employed workers to existing capital, and a dynamic component, governing the

hiring of workers and the accumulation of new capital. We now turn to the first component.

Utilization Problem. A firm’s key margin of adjustment in the short run is how much to utilize
each type of installed capital by choosing how many workers to assign to each unit. The utilization
decision is part of the solution to the dynamic problem of maximizing (10). But by taking as

given from this dynamic problem the multiplier X;;; on the adding-up constraint for the uses of
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labor in (5) together with a firm’s state in period ¢, namely, the existing stock of capital vintages
{Kj¢(v, As—+)}22; and the stock of employed workers of each type {Nj;:} in ¢, the utilization rate

of each machine solves a static problem. The static utilization problem is

A T A 7’7 A T dd
TR o) / o rewse(v, A—r, €) K jo(v, Arr) f(0)m(€)dude

-+ Zz Xijt [Nijt — ZT/ Nijt(’l), At_T,E)Tr(E)dUdE (11)

st. 0 <wjp(v, Ay—r,e) <1 and uj(v, Ap—r, €)0i Kji(v, Ap—r,€) < Nyje (v, Ay—r, €).

{ujie(

By (9), the problem is to maximize the expected value of output in period ¢, > fv’e Yji(v, Ay—r,€) ,
by efficiently allocating employed workers {N;;; } to the existing stock of machines {Kj;(v, Ai—r,€)}
and choosing their utilization rates. We refer to this problem as a pseudo-Lagrangian problem
because the multipliers X;;; are taken from a different problem—the dynamic problem of maximizing
(10). These multipliers capture the shadow value of an additional marginal measure of type-i workers

available for production only in ¢ or, equivalently, the marginal product of type-i workers in t.

Proposition 1. The optimal utilization rates for the static pseudo-Lagrangian problem in (11) are
also the optimal utilization rates for the dynamic problem in (10). Both are given by a cutoff rule
such that firms fully utilize capital of type (v, Ai—r,€) with idiosyncratic productivity € above the
threshold (v, At—r, Xjt) = Y _; XijtVi/ [Ai—r f(v)] and do not utilize capital with € below it.

To prove this proposition, we first show that optimal capital utilization follows a cutoff rule. To

see why, note that the first-order condition for utilization wj (v, A;—r,¢€) that maximizes (10) is

Ay Tgf( ) ]t(v A T Z )\z]t v, Ay r,€ )Uz ]t(v Ay 'r) —Azjt(v Ay s, )_)\@]t(v Ayr,€ )7

where AE (v, A1, ), AV (v, Ay_+, ), and Aijt(v, A¢—r, €) are the multipliers on the utilization con-

ijt ijt

straints in (8). Substituting the first-order condition for labor assignment Nj;i(v, Ai—r,€) that
maximizes (10), namely, At (v, Ai—r, ) = Xijem(€), into the first-order condition for utilization and

dividing by K (v, Aj—r)m(e) yields

Arref(0) = D Rijtvi = (N0, Arr€) = Ay (v, Ar,€)] / [Kje(v, Arr)m(e)] . (12)

Now, if A;_ref(v)—>_,; Xijevi > 0 or, equivalently, € > & = >, X4jevi/[Ai—- f(v)], then (12) implies
that /\Z]t(v,At,T,s) — M5
If Ay_ref(v)=>"; Xijevi < 0 or, equivalently, € < € = >, X4jevi[Ai—r f(v)], then )\Zt(v,At,T,e) —
)\”t(v A;_r,e) <0 by (12), which yields that w;; (v, Ai—r,€) = 0 by complementary slackness. So,

(v, A¢—r,e) > 0 and so uj (v, A—r,e) = 1 by complementary slackness.

the utilization decision has the form: fully utilize if ¢ > ¢ and do not utilize at all if ¢ < .1 Note

'®In the knife-edge case where A;—-£f(v) — 3, Xijevi = 0, the firm is indifferent over any wu;:(v, Ai—r, ) € [0, 1].
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that this solution depends on time only through the multipliers X;;; and the productivity A;_-.

Next, we show that the solution to the static problem (11) for utilization coincides with that of
the dynamic problem. To do so, we note that if we follow the same steps for this static problem as
those just described for the dynamic problem, we find that the cutoff rule of Proposition 1 is the
solution to this static problem with the same x;;;. This concludes the proof.

To understand this cutoff rule, suppose the 7(e) machines using capital Kj;(v, A;—,) with pro-
ductivity Ae are not being fully utilized so that uj; (v, A;—r,€) < 1. Increasing their utilization by A
would require an increase in each of the labor types assigned to them by v; Kj;(v, A;—)7(e)A. Doing
so would tighten the adding-up constraint on all I types of labor by >, XujtviKji(v, Ai—7)m(e) A.
The cutoff rule for utilization prescribes that such machines should be fully utilized only if the
increase in output from doing so, namely, A;_ref(v)Kji(v, Ai—r)m(e)A, is at least large as the
shadow value of the resources required to do so, namely, > . Xi;jt0iKji(v, Ai—r)m(e)A. So far, to
emphasize that the multiplier in the static problem came from the dynamic problem, we wrote it
as Xijt- Hereafter, we let x;;; denote the multiplier from the dynamic problem.

The importance of the utilization rate margin is determined by the mass of existing capital near
its operating threshold. Like Gilchrist and Williams (2000), we assume that loge ~ N(—02/2,02)

and, in our quantitative work, choose 0. to match the average capital utilization rate in the data.

Intuition from the Balanced Growth Path. To understand firms’ utilization policy, consider
our model’s balanced growth path. As we show, on this path, firms invest in a unique type of
capital each period, with labor intensity vy = Njji(v, Ai—r,€)/Kji(v, A—r, €) that decreases at rate
g, since Kji(v, Ay, €) grows at rate g and Nyj;(v, A;—-, €) stays constant. By Proposition 1, a unit
of capital of vintage ¢t — 7 is operated in period t if, and only if, its overall productivity A; e
is greater than the cutoff level A; ,e, . = Y1 X0/ f(¥), where ¥; = vit(1 + g)* is the detrended
type-i labor requirement of the capital and Y; = xi:/(1+¢)! is the detrended shadow value of type-i
labor. Since A;—r = (14 ga) " Ay and Ay = 1, the idiosyncratic productivity cutoff for a unit of
capital from vintage t — 7 intisg,_. = (1 4+ g)” Zi[:1 Xivi/ f(v). This idiosyncratic productivity
cutoff grows as the vintage ages because the shadow value of the labor required to operate the
capital grows at rate g but its vintage productivity A;_, remains fixed. Thus, a shrinking set of
these machines—those with idiosyncratic productivity € > ¢,_.—are profitable to operate.

Figure 2 shows that both vintage productivity growth g and the dispersion of idiosyncratic
capital productivity o. play an important role in shaping capital utilization. Each panel plots the
distribution of overall capital productivity A; ,e. Note that the threshold A; ,&, . is constant

across vintages 7, but since average overall productivity A;_, declines at rate 1+ g, the cutoff g,__
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Notes: Distribution of capital productivity A;_,e along the BGP. Colored lines plot the mass of capital of different
vintages. The dashed vertical line is the operating threshold A;_.g,__; all capital to the right of it is utilized.

must grow at rate 1 + g. All capital with productivity to the right of this threshold, denoted with
a vertical dashed line, is utilized. The left panel of Figure 2 plots the distribution of capital pro-
ductivity for a version of the model without vintage capital growth (¢ = 0) and without dispersion
in capital productivity (0. = 0) so ¢ = 1. In this full-utilization case, the distribution of capital
productivity is degenerate and lies strictly above this utilization threshold. Thus, all capital is fully
utilized as in Atkeson and Kehoe (1999). This result occurs because the shadow variable profit from
operating one unit of capital, A;_r f(v) =), Xis, is strictly positive due to firms needing to recover
the cost of producing this capital and having monopsony power in the labor market. Hence, a small
enough increase in the cost of labor does not induce firms to shut down capital—this intuition will
prove key to understanding the short-run impact of the labor market policies we consider.

The middle panel of Figure 2 introduces capital heterogeneity across vintages (with g = 2%
as in our quantitative model) but abstracts from heterogeneity within vintages (0. = 0). The
productivity of a given capital vintage A;_, now declines relative to that of the frontier vintage A;
so that old enough vintages cross the utilization threshold and are shut down. Intuitively, since A;_,
decreases with 7, the shadow variable profit from operating one unit of capital, A;— f(v) — >, X,
becomes negative for old enough vintages. But the mass of such older vintages is fairly small because
most of the old capital has depreciated away by the time this utilization threshold is reached.

The right panel of Figure 2 allows for heterogeneity both across vintages (¢ = 2%) and within
vintages (0. > 0 as in our quantitative model). As before, the average productivity of newer vintages
is higher than that of older ones. However, due to the significant dispersion in productivity within
vintages, each vintage features a positive mass of capital that is shut down. Indeed, every vintage

contains some marginal machines that are shut down for even a small increase in the cost of labor.
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3.2 Dynamic Labor and Capital Allocation
We now turn to characterizing the dynamic decisions about how capital and labor evolve over time.

Firm Labor Market Decisions. We start by describing workers’ search and firms’ hiring deci-
sions. Our key contribution in this dimension is to show that our framework with monopsonistically
competitive search yields a tractable model of firm dynamic monopsony power with long-term em-
ployment relationships. These features lead to novel interactions between a firm’s hiring decisions
across periods that are absent from existing models, which consider either one-period employment
relationships and firm monopsony power (Berger, Herkenhoff and Mongey (2022)) or long-term
employment relationships in a competitive setting (Kehoe et al. (2023)). The resulting distortions
provide a justification for labor market policies that can improve the efficiency of equilibrium.

To understand firms’ dynamic monopsony power, consider the sequence of participation con-
straints in (3) that a firm in period 0 faces when making labor market decisions for any period
t. These constraints are different from the analogous ones that arise in competitive search models
due to the imperfect substitutability of jobs in workers’ preferences. Specifically, the key term in
the present value of the disutility of work at firm j, Vjj, defined in (2) that is specific to our
case is (niji+1/ nit+1)%, which arises from dnji41/dn;je+1. When workers view jobs as imperfectly
substitutable, firms take into account that hiring workers of a family of type ¢ in any period ¢
affects the utility of the family members hired in any subsequent period. Intuitively, if firm j hires
additional A, (6;j¢)sijtA workers in period ¢ < s, then (1 — 0)* *A of them are still working in
period s. Through this term, the presence of these members of a family of type ¢ hired in t affects
the utility of all future members of this family hired in any future period s.'6 By contrast, in the
perfectly competitive search case (w — 00), the term dnji41/dniji1 equals 1 and the participation
constraints of workers hired in any period are disconnected from those hired in any other period

(s0 OVijtgrt+1/0nije41 # 0 for all 7 > 0).

Source of Dynamic Monopsony. The intertemporal linkage across the participation constraints
in (3) for workers hired in different periods makes the analysis of firm monopsony power much
richer than in the typical static monopsony model. To keep track of these dynamic interactions,
we collect the terms of the participation constraints in each period ¢ that are common across the
participation constraints of different periods (as in Marcet and Marimon (2019)) to isolate the
impact of additional hires of a type-i family by firm j in ¢ on the disutility of work of all family’s
members hired by the firm in future periods. Let then Qo ¢+144:Vijt+1 be the (scaled) multiplier on the

16\We have suppressed notation for individual families within the type 4, so these calculations can be thought of as
performed at the individual family level after imposing symmetry across individual families of type 1.
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time-t participation constraint of firm j’s problem in (10). After grouping terms, the contribution

of these constraints to the Lagrangian is
1

o0 Unit+1 [ Mije+1 | 00
> QoM ) Y Qo | Wi —
t=0 Ucit+1 \ Mit+1 t=0

Wi
Qt,t+1 w(03j¢)

where M;;; is an auxiliary variable with transition law M;ji11 = (1—0)M;ji+7iji+1 that summarizes

, (13)

a firm’s dynamic promises to type-i workers by cumulating past multipliers on (3), where in (13)
we have divided the participation constraint by Ay (6;5¢).
The firm’s first-order condition for labor, N;j; = u;n;;, which is key for our analysis, is

13
Um't 1 nijt w 1
L= . M. - 1— i 14
V'th ijt + ijt Ucit w Nt Nit +Qt,t+1( U)”th+1 ( )

marginal product of labor
source of monopsony distortion

Here v;j5;, referred to as the value of hiring a worker of type i, is the multiplier on the constraint
Nijt+1 < (1 = 0)Nyji + Ap(055¢) piasj0 and so gives the value of a marginal increase in the measure
of type-i workers to firm j in ¢. The first term on the right side of (14), which is positive, is the
flow value in production of assigning these workers to a marginal machine as captured by x;jz,
which is the multiplier on the adding-up constraint on labor. The second term, which is negative,
summarizes how the greater cost of hiring more type-i workers from each of the p; families of type @
tightens the participation constraints in (3). This term, which is equal to the derivative of the first
term on the left side of (13) with respect to n;;;, describes the impact of an additional measure of

employed workers of type ¢ on these constraints. Formally, it captures the effect of an increase in

1
e\ w e\ w L
n;j¢ on the flow disutility of work for a family of type 1, 87?_ ” (%) = % <7Z—J:> ni_t, converted
g 0 0 0
to units of consumption and, hence, output through the term U,;;/U.;; and scaled by the shadow
price M;j;—this disutility arises from the love-of-variety nature of preferences over different jobs.

The third term captures that only 1 — o of these workers remain employed in ¢ + 1.

Monopsony Distortions. Here monopsony power reduces the present value of a worker to a firm in
(14) and distorts firms’ job creation and wage setting relative to a competitive equilibrium. To see
how job creation is distorted, note that the first-order condition for vacancy posting a;;; is

Ri
m = Q41 (Wijtr1 — Wijes1) - (15)

That is, firms post job vacancies until the marginal cost of hiring a worker r;/A¢(6;5:) on the
left side of (15) equals the marginal benefit on the right side. This marginal benefit is the present
value of having a worker who starts working in ¢+ 1 net of the present value of the wages paid to the
worker. Because monopsony distortions lower firms’ present value of employing workers v;;¢, firms

post fewer vacancies and hire fewer workers than in a competitive search equilibrium. To see how
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wages are distorted, combine the first-order conditions for market tightness and wages to obtain
Wijtr1 = nvijeer — (1= 0)Vijes1.

The present value of wages W;j;11 is the marginal value of workers of type ¢ to firm j minus the
disutility of work of workers of type i at firm j, where each term is weighted by the elasticity of
the matching function through n and 1 —#n. Thus, since a firm’s monopsony power lowers the value

Viji+1 of a worker to a firm, it also lowers wages.

Firm Investment Decisions. We now examine firms’ investment decisions, which determine
the evolution of the capital stock and the different types of capital it consists of. These decisions
together determine how the elasticity of substitution across workers evolves over time. The in-
vestment problem is in principle complex because a firm must choose Xj;(v), namely, the amount
to invest in capital of each possible labor intensity v € R’ in each period t. As we show in the
next proposition, this problem is tractable since in each ¢, a firm invests in only one type of labor
intensity of capital, v;. We characterize this problem under the single-peakedness assumption that

S Quart-a [

Etttr

(e}

A f(0) = D" Xivgroi] m(e)de (16)

is single-peaked in v. We drop the firm subscript j for simplicity.

Proposition 2. Under (16), X;(v) > 0 for at most one type of capital denoted v, that solves

o= argmax > Quipr(1-0)"! / h [Ats OB XWU,} (e)de, (17)

=t,t+1
where Etprr = e(ve, Ag; Xear) is the idiosyncratic productivity threshold for capital made in period t
to be utilized in period t + 7 for 7 > 1. Also, if X¢(vy) is strictly positive, then
oo 1 o0
1= Zﬁl Quisr(1—0) /g o [Ats f(vy) — Zz XitJrTUit}ﬂ(E)dé. (18)
To prove this proposition, we first consider the first-order condition for K4 (v, A;), which is

the capital installed in period ¢t with productivity A; in use in period t + 7 given by

rar(0) = [ (0 40 2) [ F0)(E) = 32, M (02 Av o] e

Using the cutoff form of the utilization rule and the first-order condition for Ny (v, A;—r, ), namely,
Xit(v, Ay_7,€) = xum(e), gives g 4r(v) = f;HT [Are f(v) = 32, Xit+rvilm(€)de, which when substi-

tuted in the investment first-order condition pi(v) =1 — 322 Qritr(1 — 8) g e+r(v) yields

(o) =1= 377 Qo1 -0y

Et 4T

e}

[Ate OB Ximm] (e)de. (19)
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To derive (17), we use (19) to show that firms invest in at most one type of capital in ¢. To do
so, note that since p;(v) is a Lagrange multiplier, it has a minimum value of zero. Also, if the
second term on the right side of (19) is single-peaked in v, then there exists a unique value of v,
denoted by v, that achieves this minimum. So, firms invest in at most one type of capital. Note
that minimizing the right side of (19) is equivalent to solving (17). Finally, if X;(v;) > 0, then
we(ve) = 0, which yields (18) establishing the proposition.

To interpret this proposition, note that the first-order condition for the problem in (17) is

(o)

Zil Qrisr(1—05)" / T4 (Ut)ﬁ(s)dszz:il Qrisr(1—08)" / Yitrm(e)de. (20)

ov;
Etttr v Etttr

The left side of (20) is the present value of the output from making a machine marginally more
intensive in labor of type . Firms equate this present value to the shadow value of type-i workers
assigned to the machine—the right side of (20). These two present values are discounted by the
price of output Q¢+, in t+7 multiplied by the share of capital remaining (1—¢§)7~! and accounting

for the utilization rate of the machine changing over time according to the cutoff rule g, ;..

3.3 Equilibrium Along the Balanced Growth Path

We start with the analysis of the model’s BGP. To be consistent with balanced growth, we assume
that vacancy-posting costs grow at the same rate as the economy, ki = (1 + g)tk;, and that the
representative type-i family has preferences Uy(ci, Sit, nit) = log [cit —(1+g)v(ny)—(1 —i—g)th(sit)] .

As in Greenwood, Hercowitz and Huffman (1988), these preferences feature no wealth effects
on labor supply so that equilibrium in the labor market is independent of consumption along the
BGP. We scale the disutility of work and labor market search by (1 + ¢)! so that as consumption
and wages grow at rate g along the BGP, the optimal amount of work and search stay constant.
Consumption, investment, output, wages, and the disutility of work and job search all grow with
the economy. With Z, we denote the detrended version of a variable z, say, detrended wages are
Wiy = wi(1 + g)~*, which are constant along the BGP. Letting II“(¢) = [~ m(e)de denote the
fraction of capital above the cutoff level e, II?(¢) = [ em(e)de denote the average idiosyncratic
productivity of utilized capital, and E = /(1 + g), we can establish the following result.
Lemma 3. Along the BGP, labor allocations and wages are determined by

a) the optimal cutoff for the idiosyncratic productivity of capital e, = (1+ g)(1 —a)m(e;), where
Do BT - 0)IIP((1+g)'ey) /(1 +9)™

Do BT = 8)TIM((L + g)'ey)

b) zero profits on investment 1 =« |y 27 BTHL(1 — §)TIT*((1 + g)tgl)} f();

m(g;) =

¢) optimal labor intensities that satisfy x; = agg)m(gl);
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d) free entry for job vacancies and wages that satisfy

fi@)m(ey) — wi —v'(ni) /w

i = 009 POIMENZ = TS g g5 — gl @men) = o )]+ (1= ) ()
e) household optimal search that satisfies h'(s;) = By (0;)[w; — v'(n;)]/[1 — B(1 — 0)];
together with labor market clearing pin;/v; = pini /o1, i = 2,..., N, market tightness 60; = a;/s;,

and the steady-state law of motion for employment on; = Ay (6;)s;.17

Condition c¢) for firms’ choice of the labor intensities of new capital equates the shadow value of
type-i labor, X;, to the output from making a machine marginally more intensive in type-i labor,
df(v)/0v;, adjusted for changes in utilization and relative vintage productivity over the life of the
machine, as captured by m(g;). Since this utilization adjustment is a feature of the capital stock,
it is common to all worker types i so m(g;) does not depend on .

Taking ratios of condition ¢) across workers of types ¢ and 4’ yields x;/x# = fi(0)/fi# (V). In
our quantitative work, we find that the shadow value of type-i workers x; approximately satisfies
Xi ~ (1 + 1/w)w; along the BGP. Combining these last two equations gives that the ratio of
the wages of workers of types 7 and ¢’ approximately satisfies w;/wy =~ f;(v)/fi(v). Hence, the
long-run elasticities of substitution across different types of workers are disciplined only by the
putty-putty production function f(v): the putty-clay aspect of production is irrelevant for the
long-run substitutability across workers in production. Intuitively, by being able to choose different
capital intensities, a firm in the long run can freely adjust the use of any inputs, as shown in Figure
1. In turn, since f(v) = G(v)!~® is the intensive form of F(K,N) = K*G(N)'~%, the wage ratio
w;/wy approximately equals G;(v)/Gy(v), which is the key condition used in the labor literature
to estimate the elasticity of substitution across different worker groups. We exploit this fact to rely
on existing estimates of labor-labor substitutability to pin down the parameters of G(NNV).

Notice that the equilibrium conditions of Lemma 3 define a system of 1+6N equations in 14+6N
variables g, and {v;, n;, 6;, s;, a;, w;}. In this precise sense, the labor block of the model can be
solved independently of the rest of the model, which determines consumption, investment, output,

and so on. It will prove useful to define the corresponding labor allocations for the competitive

Cc

search equilibrium, € and {v§, ng, 67, s, a$, w}, as those that solve the same set of conditions

except for those under d), which are replaced by

fi(v)m(g,) — w;

1-B(1—0)

Finally, it is also useful to note for later that the cutoff level of idiosyncratic productivity g; for

ki = BAr(0;) and @; = nf;(V)m(g;) + (1 —n)v' (). (21)

17This labor market clearing condition is derived by dividing the (level) version of this equation for 4, u;n; =
> I*(g,)vi(1 — 8)7' X, by the corresponding one for type 1.
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optimal capital utilization is the same under the monopsonistic and the competitive allocations,

since conditions a) and b) of Lemma 3 determine this cutoff independently of the other conditions.
Lemma 4. On the BGP, the utilization threshold g, is independent of monopsony power (g; = ).

Intuitively, the utilization schedule is tied to capital’s share of income, which is constant given
our Cobb-Douglas formulation for f(v). In Section 4, this lemma will be helpful because it also
implies that the utilization schedule of capital is independent of labor market policies, which helps

shed light on why their long-run effects are similar to those predicted by the putty-putty model.

4 Understanding Labor Market Policies

We now turn to the analysis of canonical labor market policies to illustrate the use of our framework.
To motivate this discussion, we first show that a combination of worker type-specific minimum wages
and vacancy-posting subsidies can eliminate monopsony distortions. Although these policies provide
a useful benchmark, they are difficult to implement in practice because they require targeting each
worker type. Therefore, we analyze two simple policies that are often used to help improve the labor
market outcomes of low-earning workers: a uniform minimum wage or a targeted transfer conditional
on working, such as the Earned Income Tax Credit (EITC). In this section, we qualitatively explore

how the policies affect outcomes in the long run.

4.1 Distortions to Wages and Job-Finding Probabilities

We start by examining the distortions that monopsony power introduces to wages and job creation.

Monopsony Distortions. Firms in our model compete for workers along two distinct margins: the
value of wages they offer and, through the number of vacancies they post, the tightness of the
markets for their jobs. Both margins are distorted. Wage distortions arise because hiring a marginal
worker of a given type increases the marginal disutility of work of all inframarginal hires of a given
type in the same family. Hence, a firm needs to compensate those inframarginal workers with a
higher wage when it hires additional workers of the same type. In this precise sense, firms face an
upward-sloping supply curve of workers in offered wages. Likewise, as a firm increases its vacancies
for a given type of worker, it increases such type’s job-finding probability. So a firm also faces an
upward-sloping curve for workers in offered vacancies and, hence, in offered market tightness.
Formally, the parameter w that describes the imperfect substitutability of jobs in workers’
preferences enters the firm’s first-order conditions associated with the choices of wages W;ji11
and market tightness 0;;;, leading to a downward distortion of both relative to their levels in a

competitive search equilibrium. The markdown for wages is an extension to a dynamic setting of
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the standard markdown that arises in imperfectly competitive models of the labor market with
static labor supply. The markdown for market tightness 6;;; is novel and reflects the idea that
as more vacancies are posted—holding wages fixed—market tightness increases. Hence, in this
sense, firms’ monopsony power distorts both the supply and the demand for labor. To build further
intuition, consider the participation constraint along the BGP,

where p = % — 1 is the rate of time preference, w;; is the detrended flow wage of type-i workers
at firm j, and v'(n;) is their flow disutility of labor supply. Now, suppose that firm j contemplates
hiring dN;; = p;dn;; additional workers of type ¢ along the BGP. A firm can attract such workers,
and thus satisfy the participation constraint in (22) for them, in two ways. First, it can raise the flow
wage it pays. At a symmetric equilibrium, the required wage increase—obtained by differentiating
(22) holding as an equality with respect to w;; and n;; holding A\, (6;;) fixed—gives
ZZZ = U;EZZ) > 0. (23)
Online Appendix A converts (23) into an elasticity showing that dlogn;;/dlog w;; ~ w. Thus, the
parameter controlling the degree of monopsony power can, loosely speaking, be interpreted as a
firm-specific labor supply elasticity in response to permanent changes in wage offers along the BGP.
Second, firm j can attract additional type-¢ workers by posting more vacancies, thus raising
the job-finding probability A, (6;;). At a symmetric equilibrium, the required increase in Ay, (6;;)—
obtained by differentiating (22) with respect to A (6;;) and n;; holding w;; fixed—gives

dAw(0i5) — (Aw(liy)/w) (@' (i) /1)
gy Fr—T > 0. (24)

Taken together, (23) and (24) illustrate how a worker’s participation constraint encodes firm-specific
(inverse) labor supply curves with respect to both wages and the job-finding rate, which are the
two dimensions along which firm monopsony power manifests itself.

The empirical literature often summarizes the degree of firm monopsony power in wage setting
using the wage markdown, namely, the ratio of workers’” wages w to their marginal product. As

shown in Online Appendix A, along the BGP this markdown is

i -1
; 1 v (ny) (p+ )5,
Fome) ~ [ e vl + o+ )ty o)+ o+ o)t )
i &1 i T \P ICD) t T \P Ar(0:)
monopson}jrcomponent efficient ;c:mponent

The monopsony component reflects firms’ monopsony power, which distorts allocations relative to

the efficient equilibrium. The efficient component exists even in the absence of firm monopsony
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power (w — 00) and captures that hiring a worker requires firms to incur the cost x;/A¢(6;;) for
which they must be compensated over the life of a match. Indeed, in each period a firm needs only

recoup the annuitized value of such cost, (p+0)r;/A¢(6;), which we find to be quantitatively small.

4.2 Scope for Policy

In our economy, monopsony power leads wages and vacancy posting to be too low for every worker
type. In this context, as we now show, an ideal policy that achieves efficient outcomes consists of

both type-specific minimum wages and type-specific vacancy-posting subsidies.

Proposition 5. In the BGP of the symmetric monopsonistically competitive search equilibrium,
the efficient allocations can be implemented through the combination of a minimum wage for each
worker type i equal to that type’s competitive search equilibrium wage w§ and a subsidy 7; to vacancy

posting for each worker type i such that 1 —7; = [w§ — v’ (nf)]/[wf — ' (n)(1 — 1/w)].

Intuitively, the competitive equilibrium differs from the monopsonistically competitive equi-
librium only in the free-entry condition and the wage equation. So, if the government sets the
minimum wage to its competitive level for each type, since firms wish to lower wages below their
competitive levels, the minimum wage constraints would all bind. In this case, the monopsony wage
equation would be replaced by w,; = w{, which would fix the distortions to wages. But this policy
alone would not eliminate the distortions to the vacancy-posting condition from the v'(nf)/w term.

To do so, we can choose type-specific 7; entry subsidies so that the free-entry condition

FiE)me) =@ [ @~ v'(ng)
i(l—m) = ; tl = ; :
H( 7—) )‘f(ez) p+o wf-v’(nf)(l—l/&))

under these policies becomes k; = A¢(65) as in the efficient equilibrium. This simply

pto
requires setting 7; as specified in the proposition, which completes its proof. By allowing for time-

varying minimum wages and subsidies to vacancy creation, the same result holds outside the BGP.

4.3 Minimum Wage

We turn to studying the long-run implications of a uniform minimum wage policy defined by a floor
w; = (1+ g)'w on the flow wage paid to all workers that grows along with the economy. Along the
BGP, this policy can be interpreted as introducing a fixed wage floor w in detrended terms. We
compare the outcomes of this policy to those under an initial BGP, in which wages are determined

by the monopsonistically competitive equilibrium and are denoted by w%t =(1+ g)tw%.

Intuition from the BGP. As Proposition 5 suggests, increasing the minimum wage up to a

worker’s competitive wage, which would bind for all workers, encourages firms to hire efficiently
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because it eliminates the monopsony force whereby a firm takes into account that hiring a marginal
worker raises the wages of all inframarginal workers and so sets too low a wage. For increases in
the minimum wage above a worker’s competitive wage, however, the minimum wage discourages
firms from hiring such a worker because it requires a firm to pay the worker more than the worker’s
marginal product. Now consider a given minimum wage. Intuitively, for worker types for whom the
minimum wage is only slightly larger than their current wages—namely, the minimum wage is set no
higher than what these workers would be paid in the competitive search equilibrium—monopsony
distortions are reduced, so hiring increases. However, for worker types for whom the minimum
wage is much larger than their current wages—namely, above their wages in the competitive search
equilibrium—the minimum wage discourages firms from hiring them.

To illustrate the forces that shape the long-run effects of the minimum wage in our model,
Figure 3 shows how different levels of the detrended minimum wage w affect the employment of
three types of non-college workers in the new BGP.!® These lines, generated by our quantitative
model described later, show that long-run employment has an inverted U-shape with respect to the
minimum wage. To understand why, consider the employment curve for the worker who earns the
equivalent of a $7.50 wage in the initial BGP. Because of monopsony power, this initial wage w; is
marked down relative to its efficient level w{ in the associated competitive search equilibrium. Then,
small increases in the minimum wage above the initial wage w; increase employment by bringing
wages closer to their efficient level. This employment curve eventually reaches a peak, roughly at
the efficient wage level w{. Increasing the minimum wage above this level leads employment to fall.
Intuitively, for any type of worker, as the minimum wage is raised from the monopsony level to
the efficient level, monopsony distortions are mitigated. For wages higher than that, there is no

monopsony distortion to eliminate, so employment falls.

Distributional Implications. Comparing the employment response across the three different
worker types in Figure 3 reveals a long-run distributional trade-off: a single minimum wage cannot
simultaneously correct the monopsony distortion for all workers. Since workers have different levels
of productivity, the levels of efficient wages w{ and therefore the peaks of the employment curves
are heterogeneous across workers. This feature implies that the minimum wage is too blunt an
instrument to benefit all workers in the economy. For example, a small minimum wage would in-
crease the labor income of workers initially earning low wages but would not affect the labor income
of higher-productivity workers. By contrast, a high minimum wage would increase the income of

higher-productivity workers but reduce employment and income of the lowest-productivity ones.

B Throughout, we index each of these minimum wage levels by the equivalent hourly wage that would bind for the
same proportion of workers in the 2017-2019 ACS data to which we benchmark our model.
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FicURrE 3: Long-Run Effects of the Minimum Wage on Employment

Non-college employment Non-college labor income
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Notes: Percentage change in BGP employment rates (left panel) and detrended labor income (right panel) of
select non-college worker types as a function of the minimum wage.

4.4 Targeted Transfers

We turn to the long-run effects of transfer payments to households conditional on working. These
transfer payments can be more targeted to specific worker types than a minimum wage and, there-
fore, be more effective at redistributing resources to their intended beneficiaries. In the long run,
transfer payments can either alleviate or exacerbate monopsony distortions, depending on how they

are designed. We then discuss a particular program, the EITC.

Intuition from the BGP. We consider a general transfer policy such that a worker earning the
flow wage w;;; in t receives an additional payment T3 (w;j¢) so the worker’s after-transfer earnings are
Ap(wijt) = wije + Ty(wije). Let Ap(wije) = (14 g) A(wije /(14 g)*) for some time-invariant function
A so that the policy is consistent with balanced growth. These transfers are financed through a
linear tax on firms’ profits. We assume that wage payments, vacancy-posting costs, and investment
costs are fully deducted from this profit tax, which implies that the profit tax does not affect any
of the firms’ decisions. The first-order condition for households’ search intensity s;;; becomes

Usit .

U Qt,t+1)\w(9ijt)(W£;+1 + Vijig1) if si50 > 0, (26)

where W/l = Ary1(wijern) + Qer1ev2(1 = 0) Arpa(wijeya) + Qe ir3(1 — 0)* Aya(wijeqs) + .- - is
the present value of after-transfer wage payments to a type-¢ family. Hence, transfer payments raise
the return from searching on the right side of (26), incentivizing families to increase their search
effort and the participation constraint becomes )\w(Qiﬁ)(Wiﬁ +1 1 Vijer1) > Wi This policy affects
firms’ labor market decisions by changing the shadow price on this constraint from A f(é?ijt)aijt

to Af(0ij¢)aije/Ai(wijis1). If the marginal transfer rate is positive so that Aj(wiji+1) > 1, then a

marginal increase in a firm’s wage offer is accompanied by an increase in the transfer payment. This
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F1GURE 4: The EITC and its Long-Run Effects on Non-College Employment
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Notes: EITC transfer schedule (left panel) and its impact on employment rates for individual non-college worker
types in the new BGP, as a function of workers’ wage in the initial BGP (right panel). For reference, right panel

also plots effect of the $15 minimum wage on employment rates.

effect lowers the shadow price of workers and reduces monopsony distortions. We next summarize

the effect of the policy along the new BGP.

Lemma 6. Under the transfer policy, labor allocations in the monopsonistically competitive search

equilibrium solve the equations in Lemma 3 with the optimal search condition replaced by

Aw(0;)

4 i) = A i) — ! i 27
(50) = S22 [Aw) — v/(ny)] (21)
and the vacancy posting condition replaced by
Ki 1 U/(ni)
= | Xi W~~~ 28
N0 pto T wA () (28)

A positive level of transfers A(w;) > w; stimulates workers’ job search in (27) by increasing the
marginal gain to households of searching for jobs. Also, a positive marginal transfer A’(w;) in (28),
stimulates firms to post vacancies because a firm internalizes that as it raises the wage to attract an
additional worker, the government transfer rises along with it. So, over the upward-sloping portion

of the EITC, the government effectively subsidizes the hiring of additional workers.

Earned Income Tax Credit. We model the EITC using the (detrended) transfer schedule
plotted in the left panel of Figure 4. We make this schedule budget-equivalent to a $15 minimum
wage by choosing the rate of the linear profit tax that funds the EITC to raise tax revenues equal
to firms’ lost profits due to the minimum wage. The resulting EITC is such that in the phase-in
region, the transfer is proportional to household income with a positive marginal transfer rate of
25%; in the plateau region, the transfer is constant at its maximum benefit; and in the phase-out

region, the transfer is reduced as income increases with a negative marginal transfer rate of 22%.

28



Note that in the phase-in region, households face both a positive average subsidy rate, since the
total tax credit is positive, and a positive marginal subsidy rate, since the credit is being phased
in. In the phase-out region, however, households face a positive average subsidy rate but a negative
marginal subsidy rate, since the credit is being phased out.

The right panel of Figure 4 compares the effects of the EITC and a $15 minimum wage on the
employment of non-college workers in the new BGP. The lowest-wage workers in the phase-in region
face a positive average transfer rate, which increases their search effort, and a positive marginal
transfer rate, which decreases their monopsony distortion. Both effects contribute to higher long-run
employment rates for this group. Workers in the plateau region still face a positive average transfer
rate but their marginal transfer rate is zero, so their monopsony distortion is not impacted, leading
to a smaller increase in employment. Yet, workers in the phase-out region face a negative marginal
transfer rate, which exacerbates the monopsony distortion, leading to a decline in their employment.

Overall, although the EITC compounds monopsony distortions for high-wage workers, Figure 4
shows that the EITC is much more effective at stimulating the employment of non-college workers

earning low wages, as it is more effective at correcting their monopsony distortions.

5 Quantification

We now parameterize our model in order to quantitatively study the speed of transition induced

by the labor market policies we consider. We set a model period to one month.

5.1 Parametrization

We assume that a household type i = (e, z) is an education-productivity pair with e € {L, H},
where L denotes workers with less than a bachelor’s degree, H denotes workers with at least a
bachelor’s degree, and 2z denotes their permanent productivity level. We assume that z is drawn
from an education-specific log-normal distribution with mean zero and variance o¢. A type-i family
has preferences within the Greenwood, Hercowitz and Huffman (1988) class of the form

t nltﬂ/% t Sltﬂ/%
Ui(cit, Sitynie) = log | e — (1 4+ e ) —(1+ er
t( ity Ot 'Lt) g 1t ( g) n 1 +'7n ( g) S 1+’Ys

A family’ disutility of work and labor market search are governed by the scale parameters ¢ and
g, which differ between education groups, and the elasticity parameters 7, and 7,. The long-run
production function is F(K,N) = K®G(N)!=, where N denotes the vector of labor types. The
labor aggregator G(N) with e € {L, H} is given by

s
$-17 52
g |7t

GV = [eN(N)F +(1 —ONa(M) T and Nu(V) = [ 3 2(V) (20)
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This CES production function features an outer nest between labor of each education group e and
an inner nest among labor of different productivity levels within an education group. Versions of
this functional form has been extensively used and estimated in the labor economics literature (see

Katz and Murphy (1992), Card and Lemieux (2001), and Borjas and Katz (2007)).

5.2 Disciplining Key Features

We begin by providing intuition for how we parameterize the features of our model related to
the three main forces that govern the transition dynamics of the economy in response to labor
market policies. These are ) capital utilization, which is connected to how quickly firms choose
to let existing workers attrit in the short run when wages change; i) the long-run elasticities of
substitution across workers, which control how much firms eventually substitute across different
types of workers; and i) the degree of firm monopsony power, which determines the size of the

distortions that labor market policies can potentially correct.

Capital Utilization. The dynamics of capital utilization are shaped by the growth rate of the
economy ¢g and the depreciation rate of capital §, which jointly determine the average utilization
rate of different vintages of capital, together with the dispersion of idiosyncratic capital productivity
0., which determines the share of capital utilized within a vintage of capital. We set the growth rate
of the productivity of new capital to induce an average aggregate growth rate g of 2% per year and
the capital depreciation rate to 15% annually, which matches the aggregate capital depreciation
rate excluding structures. We choose the within-vintage dispersion parameter o. to reproduce the
average utilization rate across all vintages of capital from the U.S. Census Quarterly Survey of
Plant Capacity Utilization (QPC). This survey measures the market value of plants’ production
relative to what they could have produced if all capital in a firm was fully utilized and labor was
freely available. We define this capacity utilization rate as the output actually produced divided by
the output that would be produced if all capital was fully utilized, namely,

> (1 =0)" X r Ay r aI1P(gy; )
27(1 - 6)TXt—TAt—T—1 ’

where I1P(g) is the average productivity of utilized capital. The higher o, is, the more capital is below

the utilization threshold, and so the lower capacity utilization is; see Figure 2. We choose . so that

the average capacity utilization rate is 75%, which is its approximate value in the post-2000 data.

Monopsony Power. We choose the degree of firm monopsony power w to match existing es-
timates of wage markdowns. A growing literature has measured wage markdowns in the United
States documenting that on average workers are paid between 0.65 and 0.85 of their marginal prod-

ucts (see Seegmiller (2021), Lamadon, Mogstad and Setzler (2022), Berger, Herkenhoff and Mongey
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(2022), and Yeh, Macaluso and Hershbein (2022)). For our baseline, we target the midpoint of this
range, 0.75, but we also explore the sensitivity of our results to smaller wage markdowns. By the
decomposition in (25), wage markdowns in our model reflect both the degree of firm monopsony
power w and the annuitized value of hiring costs (p + o)k;/Af(0;). We use data on labor market
flows to pin down hiring costs and residually infer w to reproduce the average wage markdown.
This strategy implies that average hiring costs x;/Af(6;) are approximately 64% of one month’s
wage.'? Given that we assume a job-separation rate of 2.8% per month and a 2% annual rate of
time preference, the annuitized value of hiring costs that a firm must recoup each period is only
(p+0)ki/Af(6;) = 0.03 x 0.63 = 1.9% of one month’s wage. Hence, the efficient component of the
markdown is relatively small. Through the lens of our model, this result implies a large inefficient

component of the markdown, yielding w = 3.07.

Long-Run Elasticities of Substitution. The long-run elasticities of substitution between work-
ers of different abilities in G(INV) are governed by ¢, the elasticity of substitution within education
groups, and ¢, the elasticity of substitution across education groups. We set the cross-group elas-
ticity ¢ to 1.4 and the within-group elasticity ¢ to 4, which are values in the range of the estimates
in the labor literature as in Card and Lemieux (2001) and Borjas and Katz (2007). This work
assumes that different observable groups of workers—for instance, by age or immigration status—
correspond to different ability groups z and exploits variation in the labor supply of these groups
to estimate these elasticities of substitution based on the implied variation in their wages. In par-
ticular, our value of the between-group elasticity ¢ is consistent with the benchmark estimate in
Katz and Murphy (1992). A concern with borrowing estimates of ¢ and ¢ from the literature is
that the empirical variation under which these values have been estimated is different from the time
variation on which our analysis mostly relies. In Section 5.4, we address this concern by showing
that the estimators of these parameters common in the literature recover nearly exactly the true

long-run elasticity based on data generated from our model.

5.3 Detalils

As for the remaining parameters, we externally fix a subset of them and then endogenously choose
the remaining ones to reproduce important features of U.S. labor markets.

Fixed Parameters. As shown in Table 1, we set the share of college-educated households to
31% in order to match their proportion in the American Community Survey (ACS) over the period

between 2017 and 2019 (Ruggles et al., 2025). This share and the distribution of worker productivity

19 According to Manning (2011), who surveys the empirical literature on hiring costs, a plausible range for (average)
hiring costs is around 34%-156% of one month’s wages. Our estimate belongs to the middle of this range.
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TABLE 1: Fixed Parameters

Parameter Description Value
Households

TH Share of college educated 0.31

38 Discount factor (%)_1/12
Yn Labor supply elasticity 1.00

s Search supply elasticity 5.00

Xs Scale of search disutility 3.8 x 10°
Production function

7 Long-run elasticity b/t Ni: and Ny 1.40

10) Long-run elasticity within education group 4.00

0 Capital depreciation (annualized) 15%

g Long-run growth rate (annualized) 2.0%
Labor market frictions

o Job destruction rate 2.8%

n Elasticity of matching function w.r.t. unemployed 0.50

z—pinned down as explained below—jointly determine the weights u;. We choose a value for the
discount factor 3 of [1.04/(1 + g)]*/!? so that the annualized real interest rate r equals 4%. We set
the parameter -, of the utility function, which primarily controls the elasticity of labor supply, to 1.
There exists a locus of values for the parameters v and s governing the disutility of labor market
search that imply approximately identical labor market outcomes along the BGP but different
responses of search effort to changes in labor market policy. We choose a pair of values on this
locus, 75 = 5 and ¥ = L = 3.8 x 105, that lead to a relatively muted response of search
effort to the minimum wage as in the data (see Adams, Meer and Sloan (2022)).2° We set the
exogenous separation rate o to 2.8% per month, which is the Abowd-Zellner corrected estimate of
the separation rate in Krusell et al. (2017) from the Current Population Survey (CPS). We fix the
elasticity of the matching function with respect to the measure of searchers n to 0.5 as in Ljungqvist

and Sargent (2017).

Fitted Parameters. We set the remaining parameters in Table 2 panel A to match the statistics
in panel B. The parameters of the worker productivity distribution and the production function
govern the distribution of income in the economy. We choose the dispersion of productivity ¢¢ to
match the ratio of the 50-th to the 10-th percentiles of the wage distribution within each education
group e € {L, H}. This target ensures that we reproduce the left tail of each distribution, which is
most directly affected by the policies we examine. Note that the weight & placed on non-college labor
in G(N) in the long-run production function determines the share of total labor income accruing
to non-college workers, whereas the Cobb-Douglas coefficient 1 — « on labor in production controls

labor’s total share of income in aggregate output. We pin down these parameters accordingly.

20These parameters primarily govern the response of unemployment and labor force participation to the policies we
analyze. Our results focus on changes in the employment rate, which are unaffected by the choice of these parameters.

32



TABLE 2: Fitted Parameters and Targeted Moments

Panel A Panel B
Parameter  Description Value Statistic Description Data  Model
Worker Productivity Distribution log N'(0,0%) Average Wage Markdown
g g SD of non-college z 0.70 Elw;]/E[x;] Average wage markdown 0.75  0.75
o2 SD of college z 0.84 Wage Distribution
Production Function wy Jwhy Non-college 5010 ratio 2.04  2.00
a Exponent on capital in production 0.24 w;{)/wﬁ) College 50-10 ratio 2.30 217
13 ‘Weight on non-college labor in production 0.42 Income Shares
Monopsony
w Monopsony power 3.07 ]E[wiHNi]I/{Y Aggregate labor share 0.57  0.57
Search Frictions Elw; N;"]/E[w;N;] College income share 0.55  0.55
B Matching function productivity 0.50 Unemployment Rate
Ko Vacancy-posting costs (normalization) 0.32 E[s:]/(E[s:] + E[N:]) ~ Average unemployment rate 5.9%  5.9%
Labor Disutility Employment Rates
Pk Weight of non-college labor disutility 3.84 ]EL[nl] Non-college employment rate  0.47 0.47
e Weight of college labor disutility 4.79 EY [n:] College employment rate 0.62 0.62
Capital Utilization Capacity Utilization Rate
o Dispersion in capital productivity 0.25 E[®P(e.)] Average capacity utilization 0.75  0.75

Notes: Parameters in panel A are chosen to match the statistics reported in panel B. The average wage markdown is
the midpoint of the range of estimates in the literature. The statistics on the wage distribution by education group,
the college income share, and employment rates are calculated using ACS data (2017-2019). The aggregate labor
share is from Karabarbounis and Neiman (2014). The average unemployment rate is from the BLS. The capacity
utilization rate is drawn from the U.S. Census Quarterly Survey of Plant Capacity Utilization (QPC).

Hiring costs k¢ /Af(0;) are pinned down by the size of vacancy-posting costs (kg in i = ko(1+
9)'z;) and the efficiency of the matching function (B in m(as, sit) = BsjaL, ") since Az (0;r) = BO;,".
As is typical in search models, the size of the vacancy-posting costs kg is not separately identified
from the efficiency B of the matching function because, by the free-entry condition, only the ratio
rkit/(BO;,") is relevant for labor market outcomes. Following Shimer (2005), we normalize kg so that
average market tightness is 1 and choose B to match an average unemployment rate of 5.9% in the
United States before the Great Recession. This value implies an average job-finding rate of 0.44
in our model, which is very close to 0.45 in the data (see Shimer (2005) and Kehoe et al. (2023)).
The remaining parameters relevant for labor market outcomes are those for the disutility of labor

supply, {15}, which are pinned down by the average employment rates of each education group.

5.4 Model Fit and Validation

We now discuss how well the model fits the targeted moments, how it matches untargeted key

features of the data, and how we validate our key parameter values.

Wage Distribution and Markdowns. Table 2 shows that the average wage markdown, the
aggregate and college income shares, the employment rates by education group, the unemploy-
ment rate, and average capacity utilization are nearly identical in the model and in the data.
The model largely matches the 50-10 wage ratio within each education group despite our parsimo-
nious parametrization of the productivity distribution of z—specified as log-normally distributed
for each education group with mean normalized to 1. The left panel of Figure 5 compares the wage

distribution of non-college workers in the model with that in the ACS data. By targeting the left
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F1cURE 5: Non-College Wages and Wage Markdowns
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Notes: The left panel plots deciles of the non-college wage distribution in our model and the ACS data (2017-2019).
The right panel plots the steady-state wage markdown wr./xr- for select non-college worker types. “Equilibrium
markdown” corresponds to our baseline model. “Efficient markdown” corresponds to the equilibrium of our model
without monopsony power (w — o). The z-axis is the wage wr. of a type-z non-college worker.

tail of this distribution, we ensure that a $15 minimum wage binds for the same fraction of non-
college-educated workers in the model as in the data, 45%. The model slightly overpredicts wages
at the top of the wage distribution for non-college workers, but they are barely affected by our
experiments. The right panel of Figure 5 shows that the wage markdown for non-college workers is
nearly constant at the value of 0.75 across workers with different wages. As explained below, this
constancy of markdowns across workers is an important reason why our model implies values for ¢

in line with existing estimates based on static perfectly competitive models of the labor market.

Hiring Costs and Wage Markdown. In our benchmark model, we target an average markdown
of 0.75 and a steady state unemployment rate of 5.9% to infer how much of the markdown is due
to the inefficient component. In this subsection, we explore the identification of the inefficient
component by examining how the average unemployment rate and average hiring costs change
as we vary the efficient share of the markdown. Specifically, in Figure 6, we vary the degree of
firm monopsony power w and adjust the efficiency of the matching function B accordingly so as
to match an average markdown of 0.75. Different combinations of w and B imply different levels
of the efficient component of the markdown—this is the variation shown along the x-axis of the
figure. At our baseline parameterization (the dashed vertical line), the efficient component of the
markdown is about 4%, the implied steady-state unemployment rate (solid line, left axis) is 5.9%,
and the average hiring cost (dashed line, right axis) is 0.63 of one month’s wage.

The range of estimates for hiring costs from Manning (2011)’s survey is shown in the shaded
area of the figure. At the upper end of this range, the efficient share of the markdown increases

to 10% but the implied monopsony power decreases only slightly as w increases from 3.06 to 3.3.
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FIGURE 6: Implications of Alternative Decompositions of the Wage Markdown
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Notes: Steady-state moments for different shares of the total wage markdown accruing to the efficient component
n (25). We calculate these moments by varying the degree of monopsony power w and choosing the efficiency of
the matching function B to match the total average markdown of 0.75. The x-axis plots the implied share of the
markdown due to the efficient component. The left y-axis (blue) plots the steady-state unemployment rate and
the right y-axis (black) plots average hiring costs relative to one month’s wage. The shaded region includes the
range of estimates of hiring costs from Manning (2011).

As the figure shows, this level of hiring costs seems implausible as it leads to an increase in the
unemployment rate from its baseline value of 5.9% to 8% (solid blue line), which is well outside
of its historical average. Put differently, a low steady state unemployment rate implies that hiring
costs cannot be too large, all else equal. For example, increasing the share of the efficient component
of the markdown to 50% increases the average hiring cost to six times one month’s wage, which
is far outside Manning (2011)’s range, and simultaneously raises the unemployment rate to over
10.5%. In summary, to match an unemployment rate of about 6%, hiring costs can only be about
two-third’s of a worker’s monthly wage. Thus, it is hard to argue that plausible hiring costs would

lead us to significantly revise downward the degree of monopsony power that we infer.

Long-Run Elasticities of Substitution Across Workers. We rely on estimates from the
labor economics literature to discipline the long-run elasticities of substitution across workers, ¢
and ¢. These parameters are commonly estimated using the variation over time in the supply of
workers with different levels of education, age, or immigration status and the associated changes in
their wage rates. This approach is based on static models of competitive labor markets with CES
production—assumptions that do not hold in our putty-clay model. Nonetheless, we show that the
estimators used in the literature recover the true values of ¢ of our long-run production function
when applied to data generated from our model in response to the same exogenous variation and
time aggregated as in Card and Lemieux (2001). This result obtains because these estimators are
derived from a reduced-form relationship between wage ratios and labor supplies implied by those

models that approximately holds in our model as well.
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In terms of the within-education group elasticity of substitution across workers, ¢, which is
a key parameter, we follow Card and Lemieux (2001)’s classic estimation strategy based on a
static, competitive labor market in which firms have the same production function as our long-
run function G(NV).2! For each education group, these authors assume that workers with different
experience (age) differ in their productivity, but all workers with a given level of experience share
the same productivity. Hence, the ratio of wages of workers with different experience within an
education group is informative about their relative productivity. Their estimator of the elasticity of
substitution across workers with different productivity within an education group, gg, exploits the
variation in their relative wages induced by changes in the relative supply of workers with different
experience over time, which they interpret as exogenous.

To validate our choice of ¢, we perform the following exercise. Suppose that Card and Lemieux
(2001) observe data generated by our model when the elasticity of substitution across workers is
¢ = 4, a value in the low range of their estimates. We reproduce the variation in employment used
by Card and Lemieux (2001) by allowing the measures of families {u;;} of each type to vary over
time and then construct a version of Card and Lemieux (2001)’s estimator ¢ of ¢. In their model,
the ratios of wages of workers with productivity ¢ and i’ from a given education group equals the
ratio of their marginal products, which yields

wi 2z ( Nig \ Wit 1 N;
= — or Alog = —=Alog , 30
Wyt Zil (Ni’t> Wit ¢ Ni’t ( )

=

where A denotes the difference operator across two time periods. By (30), we can construct a
standard estimator $ by linearly projecting changes in wage ratios on changes in employment
ratios. Following Card and Lemieux (2001), we assume that the first observation is a ten-year time
difference and the rest are five-year ones; see Online Appendix E for details. When we simulate
data using ¢ = 4, the estimator described recovers $ = 3.94, which is very close to the true value.
Hence, we conclude that the estimates of the long-run elasticity of substitution in the literature
well discipline the value of ¢ in our model.

One reason that this estimator may not perform well on data from our model is that workers
are not paid their marginal products even in the long run when putty-clay frictions are irrelevant.
Quantitatively, this concern is unwarranted because wage markdowns are nearly constant across
workers with different productivity along the BGP. Hence, the ratios of wages of workers with
different productivity approximately equal the ratios of their marginal products. Another concern

is that using just five-year differences in employment as in Card and Lemieux (2001) may severely

21Our results are not sensitive to the across-group elasticity ¢, since the dispersion in wages within education groups
is much larger than the dispersion across education groups and the substitutability across groups is much lower.
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bias downward our estimate of the degree of substitutability across workers, since our technology
is Leontief in the short run. This concern is also unwarranted in practice because by varying the
measure of families of each type, we modify the supply of workers to replicate Card and Lemieux
(2001)’s measured changes in the employment rate of workers with different productivity within an
education group. Since the incoming workers features a different skill mix than that of the existing
supply of workers—which is embedded in the labor intensity of installed capital-—as more workers
are college-educated, firms must adjust the ratios v on new machines to accommodate them. This
adjustment of labor-to-capital ratios is governed by the long-run function f(v), as illustrated in

Figure 1, which only reflects the long-run substitutability across workers captured by ¢.

6 Dynamic Effects of Labor Market Policies

We use our quantitative model to study the dynamic effects of labor market policies. In particular,
we highlight the importance of our model’s key features in explaining the resulting transition
dynamics. Our main result is that the transition to a new long-run equilibrium is slow, which implies
that the short-run impacts of policies that the empirical literature mostly focuses on are not very
informative about their overall effects. We begin by studying the minimum wage to illustrate the

workings of our model. We then show that similar insights apply to the EITC.

6.1 Overview of the Dynamic Effects of the Minimum Wage

We assume that the economy starts on the BGP without any labor market policies and workers
are paid the flow wages w%t =1+ g)tw?j—note that this is equivalent to starting with a minimum
wage of $7.25 since in our quantitative model this minimum wage does not bind for any worker.
In period 0, a minimum wage policy—represented by a floor w, = (1 + g)'w on the flow wage
a firm can pay that grows with the economy—is unexpectedly introduced. Afterwards, firms and
workers perfectly anticipate the resulting transition path to the new BGP. In period 0, a firm may
fire any worker. For retained workers, a firm must increase the flow wages of workers whose flow
wages are initially below the new minimum to at least the new minimum and must honor its wage
commitments from the initial BGP to workers for whom the minimum wage does not bind, that
is, wijr > max{w, w?jt}. We begin by studying the aggregate effects of the policy on non-college
workers and then examine the micro-level effects underlying these aggregate ones.

The aggregate effects of the minimum wage in the long run depend on its level. We consider three
illustrative levels that differ in how they qualitatively affect aggregate non-college employment in
the long run: a small minimum wage, equivalent to $8 per hour, that increases long-run employment;

a medium minimum wage, equivalent to $11 per hour, that leaves long-run employment unchanged;
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FI1GURE 7: Dynamic Effects of the Minimum Wage
Non-College Employment Rates Non-College Income
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Notes: Transition paths of non-college employment (left panel) and detrended labor income (right panel) after
the introduction of a minimum wage of various sizes, expressed relative to the initial BGP.

and a large minimum wage, equivalent to $15 per hour, that reduces long-run employment.

The left panel of Figure 7 illustrates our main result that aggregate non-college employment
adjusts slowly to any such policy change. The small minimum wage induces firms to increase
employment by reducing monopsony distortions for low-productivity workers, but it takes time to
do so. By contrast, the large minimum wage induces firms to substitute away from low-productivity
workers, but it takes more than ten years for this substitution to fully play out. In both cases, the
short-run change in employment is only a small fraction of its long-run change.?? The right panel of
Figure 7 illustrates that this slow employment dynamics delays the long-run effect of the minimum
wage on labor income. To see why, note that the minimum wage has two effects on flow labor income
winie: a direct effect through the increase in the wage w;; of workers bound by the minimum wage,
which occurs immediately, and an indirect effect through the implied change in employment n;,
which occurs over time. For the small minimum wage, these two effects reinforce each other, namely,
the minimum wage directly increases wages upon impact and indirectly increases employment
gradually over time. Thus, this slow adjustment of employment delays the total long-run benefits
of the minimum wage on labor income.

For the large minimum wage, firms do not fire any of their initially employed workers on impact,
so the minimum wage leads to an immediate increase in the labor income of affected workers. Over
time, however, firms reduce their hiring of the lowest-productivity workers and, hence, these workers’
labor income w;n;; slowly declines. We show below that this dynamics of labor income is critical
for understanding the total effect of the minimum wage on individual workers.

An important lesson from this analysis is that although a large increase in the minimum wage

22The medium minimum wage induces non-monotonic transition dynamics due to two conflicting forces: it induces
firms to substitute away from some low-productivity workers, who have become relatively more expensive to employ,
and to substitute towards higher-productivity workers, who are now relatively more attractive.
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FIGURE &: Distribution of Capital Types Along the Transition After $15 Minimum Wage
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Notes: The gray portion of each histogram represents the share of capital for the corresponding range of detrended
non-college labor intensities vr, = 3, <1 Vi~ The blue portion of each histogram represents the share of capital
that is utilized in production. The different panels represent the response at different time horizons.

might seem desirable, since it leads to a large increase in the labor income of low-productivity
workers in the short run, over time, this gain is eroded as their employment progressively falls.
As we elaborate on later, the short-run effects of a large increase in the minimum wage greatly
overstate its total benefits. At the same time, the long-run effects of such a policy overstate the

total costs of it, because they altogether miss the short-run benefits.

6.2 Understanding the Slow Employment Dynamics

To understand the model’s slow employment dynamics, it is useful to start by considering how the
capital stock gradually shifts from its original non-college labor intensity on the initial BGP to a
significantly lower one along the transition. Figure 8 plots the distribution of capital types in the
initial BGP as well as after 2 and 20 years following the introduction of a $15 minimum wage.
Indexing a unit of capital by its detrended aggregate non-college labor intensity v, = ) ;. I Ui, we
calculate the total amount of capital of each type—the gray bars—and the total amount of capital
of that type that is utilized—the blue bars. As the left panel shows, in the initial BGP, all capital
has the same detrended labor intensity v}, and firms utilize roughly 68% of the different vintages
that make up that capital. Once a large minimum wage is introduced, firms begin to invest in
capital with lower detrended non-college labor intensity than in the initial BGP.

As the middle panel illustrates, after 2 years, over 30% of the original capital has depreciated
and the utilization rate for the remaining capital has also declined. The new capital has lower non-
college labor intensity and a very high utilization rate. As the right panel shows, after 20 years,
almost all of the original capital has depreciated, and the economy has nearly finished its transition
to a new BGP in which capital features a much lower non-college labor intensity.

We now turn to analyzing in more detail how our model generates slow employment dynamics

and explain the role of the vintage capital structure. Recall that in our baseline model, the average
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productivity of capital of vintage ¢ is (1+ g)! times larger than that of capital built in period 0 and
each unit of capital of any vintage has permanent idiosyncratic productivity ¢ with a density with
mean 1. The full-utilization model is defined as the baseline model with one change: our baseline
settings for g and 7 (¢) are replaced by ¢ = 0 and a density concentrated on e = 1; see Figure 2. Thus,
in this model, it is optimal for firms to have a 100% utilization rate of capital, both along the BGP
and for all the minimum wage experiments that we conduct—for high enough minimum wages, the
utilization rate falls below 100%. In our baseline model, capital utilization declines with age along
the BGP with no minimum wage, and a higher minimum wage leads the rate of capital utilization
to fall endogenously along the transition. For both models, the speed of adjustment is defined as the
percentage change in non-college employment in the t-th month following the introduction of the
minimum wage, relative to its long-run change between the new and the old BGP.

The left panel of Figure 9 shows that the speed of adjustment to a $15 minimum wage in our
baseline model (solid line) is significantly faster than in the model with full utilization (dashed
line). In particular, in the full-utilization model, over the first 30 months after the introduction of
a $15 minimum wage, only 25% of the eventual change in non-college employment has occurred,
and by the 60th month, only 47% has occurred. With full utilization, a firm has two margins of
adjustment. For the old capital from the original BGP, a firm’s only margin of adjustment is to
wait for this capital to depreciate before replacing workers. Indeed, since workers separate at the
rate of 30% per year and capital depreciates at the rate of only 15% per year, each year a firm
actively hires 15% of each type of workers assigned to the old capital—mo matter how low their
skill level—to keep this capital running at full capacity. Hence, if a firm wishes to fully utilize all
of its old capital, then it needs to continue actively hiring low-skill workers in the short run in the
same proportion as it did in the original BGP. The second margin of adjustment is that a firm can
invest in new types of capital that require a much lower fraction of low-skill workers. Thus, a firm
can change the skill mix of its workers only through this second margin, which takes time.

The left panel also shows that our baseline model with vintage capital generates a much faster
transition in response to a $15 minimum wage: over the first 30 months, 66% of the eventual
change in non-college employment has occurred and by 60th month, 89% has occurred. One reason
for this faster transition is that, even in the initial BGP, this model features endogenous obsolescence
of capital in addition to standard capital depreciation. To elaborate, in the baseline model with
endogenous utilization, capital with sufficiently low productivity Ae ceases to be utilized, namely,
it becomes endogenously obsolete. So it is as if in this model, the rate of reduction of the useful

capital stock is the sum of the depreciation rate and the obsolescence rate, whereas in the full-
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F1GURE 9: Channels of Adjustment of Non-College Employment
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fixed at its BGP value. The right panel does the same for a $12.50 minimum wage.

utilization model, the rate of reduction of the useful capital stock is just the depreciation rate.
Therefore, even if the obsolescence rate remains constant after the introduction of the minimum
wage, capital turns over much faster in the vintage model than in the full-utilization model due to
the steady-state obsolescence effect in the original BGP. The second, more subtle, reason why the
transition is faster in the model with vintage capital is that utilization rates endogenously respond
to the minimum wage. Indeed, as we saw in the middle panel of Figure 8 above, the utilization rate
of existing capital declines after the imposition of the minimum wage.

We quantify these steady-state obsolescence and endogenous utilization effects as follows. Since
IT%(g) = [ m(e)de is the utilization rate for cutoff ¢ and g, ,, is the cutoff e for capital installed

in period t — 7 to be utilized in ¢, we can express the employment of type-i labor in t as
oo
—1
Nyt = 27:1(1 —0)" Xt—rﬂu(étq,t)vit—m (31)

which is the sum of the employed workers of type i assigned to current and past vintages of capital.
The type-i labor allocated to capital made in ¢t — 7 is the product of the amount of capital of that
vintage remaining in ¢, (1 — §)" "' X;_,, the share of that vintage that is still utilized, M(gs—rs),
and the type-i labor intensity of that vintage, v;;—r. Employment changes as any of these terms
changes. Let Nit =y>,(1- §)T 71Xy 11%(g, )vi,_r be the fized partial-utilization component of
type-i labor, which is the analog of (31) but with utilization rates held fixed at their initial BGP
levels, where € is the utilization threshold along the BGP for capital installed 7 periods ago. Thus,

~

N changes across periods only because of capital accumulation dynamics.
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We can decompose the labor of each type ¢ as Ny = Ny + (Nix — Nyi¢) and define the associ-
ated aggregate non-college labor as Nz; = ), Ny and its fixed partial-utilization component as
Ny = Yiel Ny Then, we can express non-college labor as the sum of the fixed partial-utilization

component and the residual, the endogenous utilization component. Hence,

i = @ + Np — Ny : (32)
Labor  Fixed Partial-Utilization Component — Endogenous Utilization Component
The middle panel of Figure 9 compares the transition dynamics of non-college employment
(solid line) and its fixed partial-utilization component (dashed line) in response to a $15 minimum
wage. Clearly, the fixed partial-utilization component accounts for most of the increased speed of
transition from the full-utilization model to the baseline model (in the left panel). For example, at 30
months, the fixed partial-utilization component accounts for over 76% of the 66% share (50%/66%)
of the transition in the baseline model—the endogenous utilization component accounts for the
rest. At 60 months, this component accounts for 88% (78%/89%). Hence, the obsolescence effect on
past vintages of capital already present in the initial BGP in the baseline model accounts for the
bulk of the faster speed of transition in the baseline model relative to the full-utilization model.
Next, from the middle and right panels, we see that the endogenous utilization component
(dashed-dotted line) in the baseline model converge to zero over time because capital utilization
eventually reverts to its initial value (by an extension of Lemma 3). Comparing the middle and
right panels of Figure 9 further reveals that the endogenous utilization component is bigger for
larger minimum wages: after 60 months, the difference between the transition paths of the baseline
model and fixed-utilization model is 6 percentage points under a $12.50 minimum wage (right
panel) and 11 percentage points under a $15 minimum wage (middle panel). Intuitively, the larger

is the minimum wage, the greater is firms’ incentive to idle more of the marginal capital stock.

Role of Monopsony and Putty-Clay Technology. The combination of putty-clay technology
and firm monopsony power is essential for our model to generate slow employment responses to the
minimum wage as in the data. Figure 10 illustrates this result for an $11 minimum wage, which is
within the set of minimum wage changes studied in the empirical literature. We shade the first four
years of the figure because most of this literature focuses on employment effects over this horizon.
Consistent with estimates in the literature, our baseline model implies small employment declines
in response to modest increases in the minimum wage, as firms slowly substitute away from the
lowest-productivity workers.

Consider now the response of non-college employment in the putty-putty version of our model
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F1GURE 10: Role of Putty-Clay and Firm Monopsony Power
Non-College Employment Rate, $11 Min Wage
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Notes: Transition paths of non-college employment al}lt(g;tIIS}fe introduction of an $11 minimum wage expressed
relative to the initial BGP. “Baseline” corresponds to our baseline model (the same as in Figure 7). “Putty-putty”
corresponds to the putty-putty version of our model from Appendix C with the adjustment cost parameter
¢ = 3. “Small markdown” corresponds to our putty-clay model with w reparameterized to target an average wage
markdown of 0.95 (instead of 0.75 as in our baseline).
with standard capital adjustment costs.?3 Here, even after modest minimum wage increases, firms
substitute away from low-productivity workers by immediately firing them, which leads to an 8%
decline in aggregate non-college employment upon impact—well outside the range of estimates in
the data. In both the baseline and putty-putty models, employment slowly recovers over time as
firms hire more of the workers for whom the minimum wage reduces monopsony distortions. It
turns out that in the final steady state, this reallocation leaves aggregate non-college employment
rate virtually unchanged in both versions of our model.

To highlight the importance of firm monopsony power for the slow response of employment
to the minimum wage, consider next reducing firm monopsony power by choosing w to target
an average wage markdown of only 5% so that most of it is due to the efficient component. In
this small markdown case, as the dash-dotted line in Figure 10 shows, an $11 minimum wage
lowers steady-state non-college employment rate by nearly 9%. Thus, even with putty-clay capital,
non-college employment declines sharply in the first few years after the introduction of the new
minimum wage—again, outside the range of existing estimates. In other words, putty-clay models
that abstract from monopsony power also imply counterfactually fast employment dynamics—it is

the combination of putty-clay capital and monopsony power that allows our model to match the

slow and small response of employment to the minimum wage.

*Here X;; units of investment generate output costs of Ct[Atl/ant/K]'t — (6 + gx)]*Kjt/2, where gk is the
growth rate of the efficiency units of capital along the BGP and the parameter ¢; = (1 + g¢)'¢ grows at rate
1+gc=0+ gA)fl/a. We set ¢ = 3. Note that capital adjustment costs slow down the adjustment of the efficiency
units of capital K¢, but they do not prevent firms from adjusting the employment ratios of different worker groups
because the production function is weakly separable between capital and labor, F(K,N) = K*G(N). As a result,
labor-labor substitution within G(IN) would still occur even if adjustment costs ¢ — oo so that K was constant.
However, the slow adjustment of capital affects the overall level of labor demand, generating the small decline in
non-college employment from the impact period to the first year after in Figure 10. See Appendix C for details.
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FIGURE 11: Individual Employment and Labor Income Dynamics After $15 Minimum Wage
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Notes: The top panels show the transition dynamics for employment and labor income for two non-college worker
types in response to a $15 minimum wage. The bottom panels show the change in the present value of labor
income for all non-college workers in our baseline model. Full Dynamics refers to the present value of labor income
along the transition path in our baseline. Short Run Only calculates this present value assuming that labor income
gains during the first two years persist over time; Long Run Only calculates this present value assuming that labor
income gains in the new steady state persist over time (bottom left). Starting after 5 years and Starting after 10
years calculate this present value starting 5 or 10 years after the minimum wage is introduced (bottom right).

6.3 Heterogeneous Employment and Income Responses

To understand the implications of the slow dynamics of aggregate employment and labor income, the
top left panel of Figure 11 illustrates how the employment rates n;; of a low-productivity non-college
worker earning $7.50 and a medium-productivity one earning $12 change over time in response
to a $15 minimum wage. On impact, the employment of both workers remains constant. Over
time, though, firms substitute away from low-productivity workers leading to a gradual decrease in
their employment. By contrast, firms substitute towards medium-productivity workers for whom
monopsony distortions are reduced, but this adjustment process also occurs slowly.?*

The top right panel of Figure 11 plots these workers’ labor income. Since their employment rate
does not change on impact, with a $15 minimum wage the labor income of workers initially earning

$12 increases by 25%. As firms increase the demand for these workers, their labor income increases

241n the early stages of the transition, the employment of medium-productivity workers falls slightly before rising.
This decline results from firms lowering the utilization rate of their existing capital and attriting many of the existing
lower-productivity workers before they start purchasing new capital, which uses higher ratios of higher-productivity
workers. This pattern of firm response also explains why employment declines for lower-productivity workers are faster
than employment increases for higher-productivity workers, thus generating a nonmonotone response in aggregate
non-college employment to a $12 minimum wage, as shown in the dashed line of the left panel of Figure 11.
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by about 40% in the long run. Hence, the slow employment dynamics delays the long-run benefits
of the minimum wage for these workers. This slow dynamics also delays the long-term costs of the
minimum wage for workers initially earning $7.50. Specifically, on impact, a $15 minimum wage
doubles their labor income because it doubles their wages and firms have not yet reduced their
employment. Over time, though, firms slowly substitute away from these workers, which reduces
both their employment and their labor income. Eventually, the labor income of these workers
significantly falls relative to its level in the initial BGP.

A full evaluation of the policy must then integrate both its short-run and long-run effects. The
blue line in the bottom left panel of Figure 11 plots the percentage increase in the present value
of labor income for each non-college worker type along the transition, relative to its present value
in the initial BGP (as measured by their initial wage). The present value of labor income (weakly)
increases for all non-college workers and proportionately more for the lowest-wage ones.

We also plot the change in this present value if we assume that the average change in labor
income over the first two years after the introduction of the new minimum is permament. We refer
to this change as the Short Run Only counterfactual. Clearly, for low-wage workers, this naive static
analysis greatly overstates the gains from the minimum wage. For example, for workers initially
earning $7.50, it would imply an increase in the present value of labor income by 80%, which is
twice as large as the true gains after accounting for the transition.

The bottom left panel of Figure 11 also shows how this present value would change in a Long
Run Only counterfactual that assumes that on impact the economy immediately reaches the new
BGP. For workers initially earning $7.50, this naive long-run analysis would predict that they
experience a decrease in the present value of labor income by over 60%, whereas the true gains
calculated accounting for the transition are positive and over 40%. The calculations under the Short-
Run Only and Long-Run Only counterfactuals differ significantly from those under our baseline,
especially for lower-productivity workers, as they experience both larger short-run gains and larger
long-run losses in response to a $15 minimum wage.

These observations show the limitations of two common approaches to evaluating the impact
of the minimum wage. The first approach is to extrapolate empirical measures of the impact of
a change in the minimum wage, estimated over the first few years following a change, to much
longer time horizons, presuming that what happens during such a short-run period is informative
about what happens thereafter. The second approach is to either rely on a long-run framework that
ignores the transition altogether or one with an overly fast transition to assess the dynamic impact
of a change in the minimum wage. Neither of these common approaches would correctly measure

the change in the present value of labor income along the full transition for lower-wage workers.
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FIGURE 12: Sensitivity Analysis for $15 Minimum Wage
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Notes: Transition paths of aggregate non-college employment expressed as percentage of the total change in the new
BGP. Baseline corresponds to the model shown in Figure 7. Higher w corresponds to a degree of monopsony power
ofw™ = 1/6 that produces an 85% markdown. Higher ¢ corresponds to a long-run elasticity of substitution within
education groups of ¢ = 4.5. Lower o. corresponds to a standard deviation of idiosyncratic capital productivity
of o = 0.01 that generates a steady-state capacity utilization rate of 97%. Higher § sets the depreciation rate
to § = 20% annually. Lower g corresponds to a trend growth rate g of 0.01% annually. Higher o sets the job-
destruction rate to o = 3.5% monthly. Higher x increases the baseline vacancy-posting cost ko by 2.5 times, which
roughly doubles average hiring costs ki /Af(6;) to 125% of average monthly wage.

Finally, throughout this discussion, we have focused on the effects of minimum wage changes on
workers who are already in the market. The bottom right panel of Figure 11 considers the present
value of income of workers who enter the market either 5 or 10 years after the imposition of a $15
minimum wage. The present value of labor income for low productivity workers who enter in the
future is now negative. The reason is that such workers miss out on the early part of the transition
during which wages increase but firms have not yet substituted away from them. Interestingly, for

workers with higher skill levels, entering later increases their gains. The reason is that for such

workers, firms substitute towards them rather than away from them over time.

6.4 Sensitivity Analysis and Relationship to Empirical Literature

We now examine the sensitivity of our results to alternative parameterizations and discuss their

relationship to evidence from the empirical literature.

Sensitivity Analysis. We first examine how various features of our model affect how quickly
aggregate non-college employment responds to the minimum wage. The left panel of Figure 12
focuses on two parameters that are key for the long-run effect of the minimum wage: the degree
of firm monopsony power, governed by w, and the long-run elasticity of labor-labor substitution,
governed by ¢. Reducing the degree of monopsony power from w = 3.07 to w = 6—which changes
the average markdown from 0.75 to 0.85—also leads to a slower transition.? Increasing the long-run
elasticity of labor-labor substitution from ¢ = 4 to ¢ = 4.5 leads to a slightly slower transition. As

the online appendix shows, both of these changes lead to a larger long-run decline in employment.

Z5The present value of benefits from a $15 minimum are smaller for lower monopsony distortions; see Appendix F.
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The middle panel of Figure 12 illustrates the sensitivity of the non-college employment dynamics
to the parameters that govern the capital adjustment process. As for the capital accumulation
dynamics, consider an increase in the capital depreciation rate from § = 15% to § = 20% per
year. Since a firm’s installed capital depreciates more quickly, employment adjusts more rapidly, as
firms more quickly purchase new capital with different labor intensity. As for the capital utilization
dynamics, consider a decrease in the dispersion of idiosyncratic capital productivity from o. = 0.25,
with an average utilization rate of 75% to o. = 0.01, with an average utilization rate of 97%. Since,
as Figure 2 shows, fewer units of capital are near the utilization threshold, changes in utilization
are small in response to changes in the minimum wage, slowing down the transition of employment.
Similarly, if we decrease the growth rate of the economy ¢ from 2% to 1%, the transition is again
slower as fewer units of capital are near the utilization threshold.

The right panel of Figure 12 shows the robustness of our main results to two parameters gov-
erning search frictions: the vacancy-posting cost x; and the job separation rate o. Increasing the
baseline vacancy-posting cost g to approximately double average hiring costs x;/Af(;) and in-
creasing the job separation rate o from 2.8% to 3.5% have a relatively minor effect on the speed of
transition of employment. The reason is that most of the slow adjustment implied by our model is

due to our putty-clay technology rather than search frictions.

Comparison with the Empirical Literature. Our model’s slow employment dynamics is
consistent with the large empirical literature documenting the effects of the minimum wage.26
Neumark and Shirley (2022) recently reviewed this vast literature by conducting a meta-analysis of
109 published studies based on cross-state variation in the minimum wage in the United States and
calculating the implied short-run elasticity of the employment response. All of the papers reviewed
focus on the employment effects i) stemming from small minimum wage changes (increases of $3
or less); i) analyzed over short time horizons (12 to 24 months after the policy takes place); and
ii1) for initially lower-earning workers, such as teenagers and young adults. Neumark and Shirley
(2022) find that roughly 80% of the studies imply zero to small short-run employment declines
over the first two years following a minimum wage increase. Our model’s response to small- and
medium-sized minimum wage increases in Figure 7 are consistent with these findings.

Directly related to our focus on the transition dynamics in response to policies, Clemens and

Strain (2021) provides evidence on how employment responds to minimum wage increases of dif-

26We focus on work examining state or national changes in the minimum wage. Studies of changes in the minimum
wage at the city level tend to find larger short-run declines in employment as households and firms can easily substitute
their consumption and production either across neighboring cities or from cities to suburbs where the minimum wage
remained unchanged. Although city-level studies are informative about relative spatial reallocation effects, say, city
vs. suburb employment changes, they are not informative about the aggregate effects of policies that we focus on.
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ferent sizes at different horizons. These authors estimate the employment effects of small changes
(less than $2.50) and larger changes (more than $2.50) in the minimum wage in both the short run
(1 to 3 years) and the medium run (4 to 6 years). They find that small minimum wage changes
have insignificant effects on employment in the short and medium run, consistent with our small
minimum wage experiment in the left panel of Figure 7. However, Clemens and Strain (2021) also
finds that larger changes in the minimum wage have statistically significant negative employment
effects after 4 to 6 years. These results are in line with the implications of our model for the medium
and large minimum wage changes shown in Figure 7. We take it as a strength of our framework
that we can match these dynamic employment responses to increases in the minimum wage.?”

Finally, a separate literature provides evidence that firms slowly adjust their mix of labor in
response to increases in the minimum wage, in line with the predictions of our model. For example,
Horton (2025) and Clemens, Kahn and Meer (2021) provide evidence that U.S. firms substitute away
from low-productivity workers towards higher-productivity ones when the minimum wage increases.
Harasztosi and Lindner (2019) document that firms increase their capital stock in response to a
large minimum wage change in Hungary. This adjustment is consistent with our model.

Indeed, it is important to note that the speed and amount of capital adjustment in response
to a minimum wage change does not provide direct evidence for or against putty-clay models. The
reason, as emphasized throughout our paper, is that putty-clay imposes a friction to adjusting the
mix of labor inputs on existing capital, not a friction to accumulating new capital. The ideal data
for validating the key mechanism of putty-clay adjustment in our model would explore the change
in the labor intensity of existing units of capital in response to a large increase in the minimum
wage. For example, suppose a firm produced the same product with different plants that varied
in the time they were built and in their original low-skill labor shares. Our model implies that, in
response to a large minimum wage, the utilization rates of existing capital in older or more low-skill
intensive plants would fall more than the utilization rates in other plants. Furthermore, plants built
after the minimum wage change would have higher utilization rates and high-skill labor shares. We

think such types of analysis would be a fruitful area of future research.

6.5 Dynamics Effects of the EITC

We now show that the mechanisms governing the dynamic effects of the EITC and the minimum

wage are similar. To this end, we introduce the EITC in period 0 starting from the economy’s BGP

2TSimilarly, Cengiz et al. (2019) estimates the short- and the long-run effects of small minimum wage increases,
which, averaging across all the increases they study, were about 10% or $0.75 in current dollars. These authors find
that employment effects are small and positive for lower wage workers in the few years after a small minimum wage
increase and persist over a seven-year horizon. Again, our model has similar predictions for small minimum wage
changes. However, as our model shows, these findings should not be extrapolated to larger minimum wage changes.
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without any policies assuming that agents have perfect foresight thereafter. We maintain the EITC
is budget-equivalent to a $15 minimum wage in the long run—mamely, financed though a linear tax

on profits such that tax revenues equal the profit loss associated with a $15 minimum.

FiGURE 13: Employment and Labor Income Dynamics in Response to EITC
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Notes: Transition paths following the introduction of the EITC. The left panel plots the path of aggregate non-
college employment expressed relative to the initial BGP. The middle panel plots detrended flow labor income
for two non-college worker types. The right panel plots the present value of labor income for select non-college
worker types. Full Dynamics, Short Run Only, and Long Run Only are defined as in Figure 11.

The left panel of Figure 13 compares the transition path of aggregate non-college employment
following the introduction of the EITC with that following a $15 minimum wage. Under the mini-
mum wage, firms pay the marginal cost of the policy and hence substitute away from the affected
workers. Under the EITC, the government pays the marginal cost of it, thereby subsidizing the
wages of affected workers, stimulating their labor supply, and lowering the pre-transfer wage that
firms pay to hire them. Lower wages and reduced monopsony distortions induce firms to substitute
toward the subsidized workers. Thus, a budget-equivalent EITC expansion leads to better medium-
and long-run employment outcomes for non-college workers than does a $15 minimum wage.

The middle panel of Figure 13 shows the implications of these employment dynamics for the
labor income of a low-productivity worker earning $7.50 and a medium-productivity worker earning
$12 before the EITC. On impact, the EITC raises the labor income of both workers. Over time,
firms substitute toward them and their income continues to grow. Hence, the gradual employment
dynamics slows down the long-run benefits of the policy on labor income. These income gains are
proportionally larger for the low-productivity worker.

The right panel of Figure 13 shows how the present value of labor income increases for all
workers affected by the EITC, especially for the lower-productivity ones primarily targeted by the
policy. Here also the Short Run Only and Long Run Only counterfactuals are unsatisfactory. In
particular, for workers initially earning less than $13, comparing the new BGP to the old one

overstates the true gain in labor income, because such a comparison ignores the slow dynamics of
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employment. For higher-productivity workers, a BGP comparison implies a decline in the present
value of labor income, because these workers in the phase-out region of the EITC experience an
increase in their monopsony distortion in the new BGP, which lowers their employment in the long
run. Hence, for this policy as well, taking into account the entire transition path of the economy is

critical to accurately gauging its true effects on the present value of labor income.

7 Conclusion

When an economy’s response to a sizable policy change is slow, any comprehensive assessment
of the policy’s benefits or costs must take their full dynamic impact into account. In this paper,
we provide a general equilibrium model of dynamic labor and capital adjustment that features
rich worker heterogeneity, complementarity in production among workers, putty-clay capital, and
monopsony and search frictions to capture the key forces required for such an assessment. Our
novel framework accounts for many of the features that have informed the long-standing debate on
canonical policies such as the minimum wage and the EITC—namely, the substitutability among
workers of different skills in production, the labor displacing or labor augmenting effect of capital,
and firms’ monopsony power in labor markets. Used as a policy evaluation tool, our framework
leads to substantially different conclusions about the aggregate and distributional effects of these
common policies than standard static-only or long-run-only approaches would imply. Our model is
ideally suited for such policy evaluation because of its unique ability to simultaneously generate low
labor-labor substitutability in the short run consistent with the minimum wage literature and high
labor-labor substitutability in the long run consistent with the classic work of Card and Lemieux
(2001) and Borjas and Katz (2007).

An original contribution of our exercise is to microfound the notion of firm monopsony power
within a frictional equilibrium model of the labor market. Search frictions lead to labor market
allocations that imply realistic labor market flows into and out of employment, allow exploring
the impact of policies on both the participation and employment margin, which tend to move at
different frequencies, and help to pin down allocations when policy-mandated constraints such as
the minimum wage become binding. We hope that the framework we propose will stimulate more
work on the dynamic evaluation of policies that have first-order effects on the price and allocation

of different types of labor in imperfectly competitive labor markets.
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Online Appendix

A Model Without Labor Market Policies

We start by studying the model without any labor market policies. This analysis underlies the
results in Sections 1 and 2 of the main text. In Appendix B, we introduce labor market policies

and use this BGP as the initial condition.

A.1 Households

From the main text, the household’s utility maximization problem is

o ot
max thoﬁ U(cit, nit, Sit)

CitySijt,Mijt+1
s.t. Nijer1 = (1 — o)ngje + A (0ije) Sijie (><ﬂt+1‘7z‘jt+1)
o o
tho Qocit = GP +1; + thl Qo,t Zj Aw(0iji—1)Sije—1Wige.  (XT). (A1)

Here, the variables in parentheses denote the (often rescaled) Lagrange multiplier associated with
the constraint. The first-order condition for consumption c; is BUs = I'Qo,:. Taking ratios of

czt+1

this equation across adjacent time periods gives Q11 = 8- —. The first-order condition for

employment n;j;41 is

|=

B Unitsa (TZJ ) — B Wi + B2 (1 — 0) Vijey2 = 0,
it+1

which implies
T Nijt+1
Vijt+1 = Unit+1 <> +8(1 -0V, 425
Tit+1

1

which uses the fact that gs“:l = (nlf:ll) . Note that Vzgt+1 is in units of utility at ¢ + 1. Going

forward, it will be useful to put this object in consumption units by dividing by the marginal utility

of consumption in period ¢ + 1:

~ 1 ~
Vo= Vijte1 — Unit1 ((Mijegr \ @ Ucit+2 1 Vijt+2
e = o = +8 (1-o0)

cit+1 cit+1 \ Mit+1

_ Unity1 (nz’jt+1
Tjt4-1

Ucit42 Ucit+1

1
7 > + Qer1,42(1 — ) Vijiga, (A2)
cit+1

where the second line uses the fact that Qy1 42 = B ””2

. This equation defines V;;;+1 as the
present value of marginal disutilities of work for workers that are hired in period ¢ and begin

working in period ¢t + 1, in terms of their consumption units in period ¢ + 1.



The first-order condition for search effort s;; is

B'Usit + ﬁtH‘Afith)\w(@ijt) +TI'Qot+1Aw(0ijt ) Wijt41 =0

7
= — Usit = Mw(03j¢) BUcit+1 (U]‘Hl + Wijt+1>
cit+1
Usit
= -7 = Aw(03t) Qtt+1 [Vites1 + Wije], (A3)

where the second line uses the fact that I'Qo¢+1 = Ucit+1 and the third line uses the fact that

Qi1 =10 % Recall from the main text that we will write the participation constraint as

Aw(038) Qrt41 (Wije1 + Vijear) > Wit = Aw(0it) Qe 441 Wit + Vieg1)- (A4)
A.2 Firms

We now turn to the firm’s profit maximization problem, which is the main challenge of solving the
model. We abstract from initial conditions because we use these results to derive the limiting BGP.
We also ignore the non-negativity constraint on vacancy posting a;j; > 0 because that constraint
is not binding along the BGP. We begin by showing how to group collect the Lagrange multipliers
on the participation constraints in terms of the auxiliary variable M;;; defined in the main text.
This allows us to specify the full profit maximization problem of the firm. We then derive the first-
order conditions of the profit maximization problem. Finally, we summarize the resulting conditions

which characterize the solution to the firm’s problem.

Grouping Multipliers on the Participation Constraint. We collect across time the corre-
sponding terms of the participation constraints of each period in a way that has become standard
in the dynamic contracting literature (Marcet and Marimon 2019), so as to isolate the impact of
additional hires of a type-¢ family by firm j in ¢ on the disutility of work of all members of the
family hired by the firm in future periods. To do this, we attach the (scaled) Lagrange multiplier
Qo,1+1/4iViji+1 to the time-t participation constraint (5) from the main text. It is instructive to write

out how the first few period’s participation constraints enter firm j’s profit maximization problem:

1 1 1
Uni Nij1 “ Uni2 Njj2 “ QUniB Nij3 “ Wi
1- 1- DB wy, ,7}
QO’Wﬂ[Ucﬂ <n11) +Qi2(1-0) Uciz <ni2 +@a(l=o) Uciz \ ni3 MR E Q0,1 w (0ij0)
1 1
Uniz (a2« Uniz iz« Wi
i' — — 1_ ee— — o WZ -
Qi Ueio (m) TQ2a(l=o) g (mg oot Wiz Q1,2Aw(0ij1)]
1
Unis (nij3>“ Wi
i 23 (D98 ) 4w, —7].
Qo’ﬂﬁ[ Ucis \ ni3 7 Q2,3 \w(05j2)
1
Unit M

By collecting the multipliers associated with the terms 7 ( )5 for some ¢ and noting that

Nit

QorQrt = Qoy for 7 < t, it is easy to see that all such terms are summarized by the auxiliary

2



variable M;jiy1 = (1 — o) M;j¢ + Vije+1 as in Marcet and Marimon (2019). Hence, the contributions

of the participation constraint to the Lagrangian can be reduced to

1

> U, n P W

nit41 [ Mije41 \ @ ;
Z Qo t+114iMiji41 (> + Z Qo,t+1 14 Yijt+1 [Wijt+1 -
— Ucit+1 \ Mit+1 — Qtt+1 0w (0sj¢)

Profit-Maximization Problem. Using these results, we can write the firm’s problem as choos-
ing utilization wu;(v, e, A;—7), the labor allocation Nj;i(v, Ai—7,€), total employment Njj;, vacancy
posting a;j¢, market tightness 6;;;, present value of wage offers W;j;41, investment Xj;(v), and

capital Kji4r4+1(v, Ar), in order to maximize the expected present value of profits:

Z Qo (Z/ e (v, Az, €) Ap—re f(0) K (v, Ay—r)(e)dedv — Z pi(Ap(Oije—1)aije—1Wije + Kiraije)
t r v,E 7

1
= Unit+1 (nijtJrl ) © = [ Wi
— X (v)do | + M _— + iVid W, -
/ ]t( ) ) ;Qo,tﬂu jt+1 Uierr \ Tizrs ; Qo,t+1 14 Yijt+1 Jt+1 Qt,t+1)\w(9ijt)

such that  wj¢(v, As—r,e) >0 (xQoﬁt)\th(uAt,T,E))
ujt(UaAt—Tag) S 1 (XQO,tA_[jJt(U7E7At—T))
th(va At—néf)vint(’U, At—r)ﬁ(€) < Nijt(va At—‘rag) for all ¢ (XQO,t)\ijt(’U,At—n 5))

Z/ Niji(v, Ay—r,€)dedv < pinije for all i (XQo.eXije)
T Jue

pinijirr < (1 — o) pinije + Ap(0ije) priasje for all i (XQo t4+1Vije+1)
Kjtrri1(v, A) = (1= 6)"Xje(v)  (XQo,t+r+145t,t47+1(0))

Xji(v) 20 (xQo,ehje(v)),

with the side conditions that M;j 11 = (1 — 0)M;j + 7viji+1 and #X;(en) = Witr1 + Vigr1. As
before, variables in parenthesis denote scaled Lagrange multipliers on the associated constraint. In
this problem, we have explicitly written the measure of workers as N;j; = p;n;j¢, where n;j; is the
share of family ¢ working at firm j. We make this substitution because the participation constraint
naturally depends on per-capital n;;; rather than the total measure Njjq.

We now proceed to take the first-order conditions of this problem. We group these conditions

into three blocks: the utilization block, the hiring block, and the investment block.

Utilization Block. The first-order condition for labor assignment Njjt (v, A;—r,¢) is simply
Nijt(v, Ai—r,€) = Xxij for all machines (v, A;—r,e) that are operated. The first-order condition

for utilization w;i(v, Ai—7,€) is given by

Ai_ref(v)Kj (v, At_T)T((E)—Zi Nijt (v, Ap—r, €)i Ky (v, A7 )m(e) = /\%t(v, At_T,a)—)\fjt(v,At_T,E).



Substituting the first-order condition for labor assignment, namely A;j:(v, Ai—r,€) = Xijt, we obtain

zgt(v At—r, )_)‘z]t(v Ai—r€ )

Kouo, Ar)n(@) (45)

A 75f Z XijtUi =

If A;_ref(v)=)>", xijtvi > 0 or, equivalently, € > Z X;ﬂ’é”) = (v, Av—r; x5t) Tor xe = (Xujt, - -5 XTjt),

then (A5) implies that )\ijt(v,At_T,a) — )\m(v Ai_7,e) > 0 and so uji(v, Ai—r,€) = 1 by comple-

mentary slackness. If A;_ref(v)—=>_, xijtvi < 0 or, equivalently, e < Z X”z 3 = e(v, Ay—7; Xjt), then

)\Ut(v At &€ ) A

Ut(v A¢—r,€) <0 by (A5), which implies that ujt(v, Ai—7,€) = 0 by complemen-
tary slackness. So, the utilization decision has the form: fully utilize if € > (v, A;—7; ;) and do
not utilize at all if € < (v, A;—r; x;¢). In the knife-edge case in which A;_-ef(v) — >, xijevi = 0,
the firm is indifferent over any wj; (v, A;—-,¢€) € [0, 1]. Note that the solution to the static utilization

problem (11) from the main text coincides with this solution from the dynamic problem if we set

the static multipliers ;¢ = Xiji-

Hiring Block. The first-order condition for employment n;j;41 is

Unit+1 1 [(nijeet |
Vijt+1 = Xijt4+1 + Mijit1 — + Qti1,+2(1 — 0)Vijit2, (A6)
Ucit+1 w \ Nit+1 N1

which uses the fact that

1 1 1
(M) “=41 (nijt+1) ¢ L This equation identifies the mul-

Bn]z+1 Njt41 w \ Mitq1 Njt41

tiplier v;j:41 as the present value of a marginal worker to the firm, taking into account both their
1

. B : . L Umigp1 1 [ Majeer \ @ 1
marginal product x;j;+1 and the monopsony distortion M;j;41 i1 @ ( o > T

The first-order condition for vacancy posting a;j; is

K

——— ! =Qt 41 Wijer1 — Wijeg1) -
Ay (0ijt) ’ ’

— Qo,tkit — Qo+ 1A (055) Wijtr14+Qo,e+1Af (03t ) Vijey1 =0 =

(A7)
The first-order condition for market tightness 0;;; is

Wzt
— Qo t+1)‘f(9mt)azgthjt+1 + Qo t+17/z]t+1>\f(ez]t)az]t + Qo t+171]t+1m>\{w(eijt) =0

Yijt+1 Wit )\{w(el_]t)

gt T it Quisid (0i0)2 N (635¢) (48)
The first-order condition for wages Wjjiy1 is
Viji+1 = Af(Ojt)aije- (A9)
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Plugging in this expression for 7;;;4+1 into the first-order condition for market tightness (A8) gives

Ar(0ijt) Wit N (0it)
Wijt+1 = v; +
It getd )\w(ez]t) Qt t+1)\ ( zgt) Alf(ezjt)
Ar(0i¢) N (0it) 1—n
= Vjji41 + )\w(@]]t) (Wijts1 + Vijts1) m = Vjji+1 — T(Wijt+1 + Vijt+1)s

where in the second line we used #ﬁt(em) = Wijt+1 + Vijey1 and in the third line we used

Ap(Oige) Ny (0sj¢e)

S ] i g ;
X0 N O) = Solving for the present value of wages W41 yields

Wijes1 = i1 — (1 — 0) Vigg1, (A10)
which is the expression in the main text.

Investment Block. We now characterize the investment stage and, in the process, prove Propo-
sition 2 from the main text. First, consider capital installed in period ¢t — and therefore with vintage

productivity A; — in use in period t + 7, K14 (v, A¢). The first-order condition for this variable is
Qossr [ witsr(0, A ) A ()7 (e)de

= Qo,t+r ZZ Vi / Aijirr (, Ap, €)ujitr (v, €, A)m(e)de — Qo t4rqjti+-(v) =0

= qjt7t+7'(v) = / (Atgf Z Xz]t—l—rvz) )d £, (All)
e(v,At;Xjt4r)

where the second line uses the facts that Ajji4-(v, At,€) = Xiji+r and that uj(v, A,e) = 1 for
e > (v, As; Xjt+-) and 0 otherwise. The first-order condition for investment Xj;(v) is

pit(v) =1 — Z Qri+r(1—0)"" th,t+r(v)

T=1

= pj(v) =1~ Z Qttrr(1—6)"" 1/ (Atgf ZXZJHT”Z) €)de, (A12)
e(v,At;Xjt+r)

where the second line uses the expression for ¢j; 14-(v) from (A1l).

Optimal Capital Type. As in the main text, we use (A12) to show that there is unique type of capital
in which firms invest in period ¢. To do so, first note that since p;+(v) is a Lagrange multiplier, it
has a minimum value at zero. Furthermore, if the RHS of (A12) is single-peaked, then there is a
unique value of v — call it vj; — which achieves that minimum. Therefore, we have p;(v) > 0
for all v # vj;, which by complementary slackness implies that X;;(v) = 0 for all v;; # 0. For the
optimal type vj;;, we have that (A12) holds with pj;(v;:) = 0. Hence, under the optimal choice of



capital type, the first-order condition for investment becomes

1= ZQt,t+T(1 - 5)T_1/ <At€f Vjt) ZXZ]tJrTUZJt) m(e)de.
T=1

§('U:At§th+T)

Since this optimal type vj; is the minimizer of the RHS of (A12), it equivalently solves the

maximization problem

v = argmaxZQt tr(1—06)"" 1/

—1 e(v,At;xjt+r)

(At{-:f th Zijt+TU1jt> ( )d

The first-order condition for v;j; in this problem is

= L 0rw) [ *
0= Quips(1 -0 (At / em()de — xijeer | w(s)de)
‘rzz:l i Je(w,Avixjerr) ’ Xjt+r)

e(v,At;Xjt+r

> _10e(v, Ag; Xitar
=Y Qu-(1 =) £, 44 Xyt >7T(§<'U7At;th+T)) (Aﬁ(v,At;thJrr)f(v) - ZXijt+TUi) :

Vs
T=1 0 ¢

The top line is the derivatives holding fixed e(v, A¢; X ji4+-) and the second line is the derivatives with
respect to £(v, A¢; Xjt+r), using the fundamental theorem of calculus.?® However, each term in the
summand in this second line is zero at the optimum. To see this, plug in e(v, As; Xji+r) = %&M
to see that the term becomes 0 for each future period 7. In the language of Gilchrist and Williams

(2000), the marginal unit of capital is earns zero quasi-rents in each period.

To summarize, the optimal investment policy is characterized by two conditions,

0= Qui-(1—0)"" (Atfm) / N em(e)de — Xijiir / N w(e)de> Vi (AL3)

(v, AeiXjt47) e(v,Ae;Xjt4r)
1= Z Q- (1~ 5)T71/
T=1

E(U)At;xjt+7)

(Até:f ’U]t wat+7—’l}”t> )dE, (A14)

where f;(vy) = o (U”) . The first equation is the first-order condition for the optimal type of capital
and the second equatlon is the first-order condition for investment in the optimal type.

Going forward, it will be useful to simplify notation. First, we let g, ;. , = £(v, A; Xjt+-) denote
the utilization cutoff for capital installed in period ¢ to be used in period t+ 7. Second, following the

main text, we define IT%(g; ;) = [, 7(e)de and I1P(g, 4,,) = [.  em(e)de. With this notation,

Et,t4 Et,t+

ZThat is, f: F'(z)dz = F(b) — F(a) so 2 [



we can write (A13) and (A14) more compactly as

0= Z Qt,tJr‘r(l - 5)7_1 (Hp(ét,tJrT)Atfi(Ut) - Hu(£t,t+r)Xijt+r)

=1

1= Z Qt4r(1 — 5)771 (Hp(ft,tJrf)AtEf(th) — "(eg144) Z Xijt+TUijt> :
=1 i

7

Summary of Equilibrium Conditions. We now collect all of the equilibrium conditions of the
model, including the optimality conditions from the households and the firms. Since we study a

symmetric equilibrium, we drop the j notation for individual firms going forward.

Uci

Quiv1 =P Ut_H (A15)

cit

Um'

Vier1 = 37 P2 Qrarra(1— 0)Vigyo (A16)

cit+1

Usi

U z = Qtt+1 0 (0it) Witr1 + Vierr) (A17)
E o Qo,tcit = GP +1; + E 1 Qo,t: A (Git—1)sit—1 Wit (A18)
D Xit+rVit (A19)

Etttr = Ay f(ve)

Unit+1 1
Vit+1 = Xit+1 + Mipp1 ———
Ucit-‘rl WTjt41

+ Qtr1,042(1 — 0)Vityo (A20)

)\f/zzit) = Qt.t+1(Vit41 — Witg1) (A21)
Wits1 = Mitg1 — (L — 0)Vigpr and viep1 = A p(0ir)aie (A22)
Nit+1 = (1 — o)ng + A p(Oir)aie (A23)
Mit11 = vity1 + (1 — o) M; (A24)
Oit = ait/sit (A25)

1= Z Quir(1— 5)?1 (Hp(gt,t+‘r)At5f(Ut) — I (§t,t+r) Z Xijt+rvit> (A26)
T=1 i

7

0= Z Qt+r(1— 5)T_1 (Hp(ét,t+7)f4tfi(”t) - Hu(§t,t+r)Xijt+r) (A27)
T=1
Vo= S T(e ) Ar o flo ) (1= 61X, (A28)
T=1
Y, = Z wicie + X + Z i KitQit (A29)
it = Zﬂu(ét—T,t)Uit*T(l —0)" ' Xy (A30)
T=1



Equation (A28) simplifies the expression for aggregate output from the main text using our
results about optimal investment and the definition of I1P(g,_, ;). In particular, aggregate output
equals output produced by each vintage of capital, Hp(gt_ﬂt)At_T f(vi—r), times the amount of
capital of that vintage which is remaining, (1 — §)""!X;_,. Equation (A29) is market clearing for
aggregate output. Finally, equation (A30) equates aggregate employment of type-i worker in period

t to the amount of that type of labor assigned to each vintage.

A.3 Detrending

Due to capital-embodied technological progress in vintage productivity A, the equilibrium allo-
cation is not stationary over time. In this subsection, we describe how to detrend the model into
stationary form, which will be useful for numerically solving the model. As in the main text, we
assume that k;; = (1 + g)'k; so that vacancy-posting costs grow along with the economy.

A balanced growth path will have the following properties:

(i) The following variables grow along with the economy: ¢;r, Wity 1, Vier1, Xit, Vit, Yz, X¢. Let tildes

denote detrended variables, e.g. ¢ = ¢ (1 + g)°.
(ii) The following variables shrink over time: v;;. Let vy = vy /(1 + g)°.
(iii) The following variables are stationary: sit, nit+1, @it Oit, Yit+1, Mit+1, Qtt+1-

We now go through each of the equilibrium conditions and replace the original non-stationary
variables with their stationary version.

A.3.1 Households

Using our functional form for the utility function, namely
Ui(cit, sit,mig) = log (ci — (14 g)'v(nir) — (14 g)*h(sit)) ,

the ratio of date-0 output prices (A15) becomes
cit — (L +g)v(nit) — (1 + 9)"'h(sit)
cit+1 — (1 + g) M v(nit1) — (1 + )+ h(sit+1)
(1+g)cit — (L+g)'v(nie) — (1 +9)'h(sit) _ B ci—v(ni) — h(sit)

Qi1 =0

— /8 — — — .
(14 g)* ¢ — (1 + g) o(nig1) — (1 + ¢) 7 h(sier1) 14 g Citrr — v(nig1) — h(Sit+1)

The equation defining the disutility of labor (A16) becomes
‘Z‘t+1(1 + g)tH =—(1+ g)t+1vl(nit+1) + Qey1,42(1 — U)f/z‘t+2(1 + 9>t+2

— Vier1 = —0'(nigy1) + Qit1,042(1 + 9)(1 — o) Vigyo.



The first-order condition for optimal search effort (A17) becomes

(1+ )" (sit) = Qtt+1 0 (0i) (1 + g)tH (fVVz‘tH + ‘Z‘t+1>
= 1 (sit) = Qra+1(1 + g)Aw(0ir) (Wit+1 + ‘N/@'tﬂ) :

The budget constraint (A18) becomes
00 e —~
> Qui(1+9) =CGP+Ti+ > Qorsr(1+ 9) " Au(Bir) s Wity
=0 =0

A.3.2 Firms

We go through the utilization block, the hiring block, and the investment block.

Utilization Block. The production stage is summarized by the expression for the productivity
threshold g; ,, . = > i Xit+rVit /A f (vr). Recalling that vy shrinks are rate g so that v = (1+ g)'vy,
in detrended terms, the numerator of the threshold is

T X’it T 1 T ~ ~
ZXit+‘rvit = Z [(1 +9)t" i+ ;)HT] [(1 T g)tvit(l + g)t] =(1+g) ZXitJrrvit-

i

Recalling that F(K, Ny,...,N;) = K®G(Ny,...,N;)'=® and both F and G are CRS gives

B M Niy a1 N;
f(Ula"'v’UI)_F(LKa'--) K)_l G(K?7 K

Since f(v;) = G(v)!7%, the denominator of the cutoff is

)l_a = G(Ulv HEER) Uf)l_a'

Aef(v) = (L+9)7)'Glo)' ™ = (L + g)l_a)tG((l _|_g)t)1_a
— 1—a\t 1 G(T, :|1—o¢f(~)
(9" |G| = 10

where the first equality uses that A; = ((1 + ¢)'=?)! and f(v;) = G(v)! 7%, and the third equality
uses the fact that G(v;) is constant returns to scale. Putting these results about the numerator and
denominator together, we get

TZ'%'H- Vit

Hiring Block. The expression for the present value of a worker (A20) becomes

- ~ 1 -
Vit+1(1 + g)tH = Xit+1(1 + g)t“ + M1 (nigs1) (1 + g)Hlﬁ1 + Qit14+2(1 — 0)Virt2(1 + Q)t+2
it+

+ Qer1,+2(1+ 9)(1 — 0)Vigy2.

~ ~ /
= Vit41 = Xit+1 + Mig410" (Nir41)
WNp4-1



The first-order condition for optimal vacancy-posting (A21) becomes

ri(1+g)
Af (i)

The-condition for wages (A22) becomes

= Qir1(1+g) (5z‘t+1 - Wit—i—l) ==

Kj

Ar(Oit)

=Qt+1(1+9) (ait+1 - Wit—i—l) .

Wits1(1+ 9) ! = 1 (1 4+ 9) — (1= Vi1 1+ ) = Wispr = 01 — (1 — 1)V

and yj+1 = Af(0ir)ai is already stationary. The evolution of employment (A23), the definition of
the quasi-multipliers (A24), and the definition of market tightness (A25) are already stationary.

Investment Block. First, consider the condition that equates marginal cost with marginal

benefit of new capital, (A26). As argued with the productivity cutoff above, the terms with
Atf(’l)t) = f(:l\)/t), and the terms with Zz Xit+71Vit = (1 + g)T Zz %it+751't. Thus

= Z Qt»t+f(1 - 5)T_1 (Hp(5t,t+r)f(5t) - Hu(§t,t+7—) Z )?z’t+r@'t> .

T=1 i

Next consider the first-order condition for the optimal type of capital, (A27). Note that

i) = o F(01) = 5 (G~ = (1= @)Glw) i)
— (1= )0 Gl ) = (14.9)°) (1 = )G () Gilf) = (14 )" i),

where the fourth line uses the fact that G(v;) is homogenous of degree one (and therefore its
derivatives are homogenous of degree zero). Therefore, we have that the terms A;fi(v:) = ((1 +
DA +9)M) fi(0y) = (1+9)t fi (V). Plugging these into the first-order condition for the optimal
type of capital (A27) gives

0= Z Qtt4r(1 — )" (Hp(ét,t+7)(1 +9) fi(0) — (g 47) (1 + Q)HTS@‘H—T)

= 0= Querr(1=08) (IP(gr44-) i) — (g4 447) (L + 9) Xiter) -
T=1

A.3.3 Aggregate Conditions

We start with the definition of aggregate output (A28). As we argued above, the terms A;_ f(vi—;) =

f(0¢—+). Using this result, the equation becomes

1 + g Z H ‘st ‘rt Ut—T)(l - 5)7-71(1 + g)ti‘rjzt—r

1— 5)7‘1 X, .

= Y}:Zﬂp(gt_m) T )(1=8) (14 9) " X; T_ZH tr i) f(Vt—r) <1+g 1+g

10



For aggregate employment (A30) , note that vy Xy = (111;)[ Vit X, 1+ 9T =0T s

is already stationary. So we have

[e.e]
Hinvit = Z (g4 4)Vit—r (1 — &) 1 X,
T=1
Finally, the output market clearing condition (A29) is
Vi(l+9) =Y pica(l+9)' + Xe(1+ 9)'+ > piki(1+ g)laiw =Yy =D pitin + Xy + Y piriiair.
i i

7 7
A.3.4 Summary of Detrended Equilibrium Conditions
We now collect all of these detrended equilibrium conditions. In our quantitative work, we compute

the transition paths by solving this large nonlinear system,

B Cit — v(ni) — h(sit)

_ _ A31
Quirt =17 9 Cit+1 — v(Nit+1) — h(sit41) (A1)
‘Z‘t—&—l = —v’(mt+1) + Qt+1,t+2(1 + g)(l - U)‘N/it+2 (A32)
R (sit) = Qras1(1 + g)Aw(0it) (Witﬂ + ‘Z’tﬂ) (A33)
Z Qo(1+9)'C = GP+1; + Z Qo1 (1 + 9)" ™ N (Bir) 330 Wit 11 (A34)

t=0 t=0

T Zz SCJ’L 7'52'
Ettrr — (1+49) 7}0(%:) ! (A35)
Vit+1 = Xit+1 + Mit—i—lvl(nit—i—l)w -~ + Qey1,t+2(1 + 9)(1 — 0)Vi12 (A36)
iwt+
i = Qti+1(1+g) (771't+1 - Wit—i—l) (A37)
)\f(elt)

Witr1 = n0it11 — (1 — 0)Vierr and yigy1 = Ar(Oit)aie (A38)

P= ZQOt (1+9) [Y;f X — Z,uz <f€zazt + Ar(0it)aitQre1(1 + g) zt+1) Z,uz i (A39)

Mir11 = (1 — o) Myt + Yit+1 (A40)
1= Z Qrirr(1—06)1 (Hp(gt,t-&-T)f(at) —1"(et 444) Z 55z’t+r5it> (A41)
=1 7

0= Z Qt,t+7(1 - 5)T71 (Hp(ét,t+f)fi(6t) - Hu(ét,tJrT)(l + Q)T%z‘tJrT) (A42)

Nit+1 = (1 — )i + A (0it) sit (A43)
O = 2 (Ad4)
Sit
_ oo 1-5 T—1 Xt—'r
Y, =S 1 T [ —2 A45
t Tz:l (éth,t)f(Ut ) (1 +g> 1+g ( )

11



panie = > (g, o~ (1 = 0) ' X~ (A46)
)A//'t = Z Nigit —+ )?t —+ Z HiKiQit. (A47)

A.4 Balanced Growth Path

The balanced growth path is simply the steady state of the detrended system. In this subsection, we
collect the conditions that define the BGP and then simplify them to prove Lemma 3 and Lemma

4 from the main text. We also derive the formula for the wage markdown (25) from the main text.

Summary of BGP Conditions. Collecting the summary of detrended equilibrium conditions

from above and imposing a steady state, we get the system

Quisi =5 = f (Ad8)
W(s) = 15— el (@ — v/(n,)] (Ad9)
i B = (P+ 1+ Z BTN (0:)5:W; (A50)
t=0 t=0

;i = 1—,3(11—0') |:5<va — iv’(n,)] (A51)

= v'(n;)
Wi =nvi + (1 - W)m (A52)
(6 =B — W;) (A53)

722 XiVi
g =0+g) o) (A54)
0= fi(v ZﬁT )P (e,) — X ZBT - 1+9) T (e,) (A55)
= f@) ZB’T(l — &) P (e ZﬁT -6 (e,) ' Xi0s (A56)
o 1-0\"" 55

ZH (Hg) 13 (A57)
[in; = ZH“ )oi(1 — 671X (A58)
= Z 1iCi + X + Z Hikia; (A59)
91‘ = CLZ‘/SZ‘ (AGO)

12



o (A61)

on; = Aw(ﬁl)s, (A62)

P = }7 — )? — Zz 127 (mai + BUTLZWZ) _ Z/Liﬂi

Note that the BGP of the putty-clay model is not the same as the model with standard capital.
The reason is that the labor intensities v in the putty-clay model are chosen before the realization
of the capital quality shock € in the putty-clay model, but after the realization of £ in the model
with standard capital. Therefore, firms in the standard model will implicitly assign more workers
to high-e machines, which is not possible in the putty-clay model. If we allowed firms to choose the
labor intensities v after the realization of capital quality shocks € in the putty-clay model, then we

would not have an active utilization margin, which is a key feature of our analysis.

Reduced-Form System Characterizing the BGP. Under our preference specification, the
labor market equilibrium and investment decisions are separable from the consumption allocation.
This property allows us to significantly reduce the number of equations which characterize the
BGP in Lemma 7 below (a version of Lemma 3 from the main text). In Appendix B, we use this
Lemma to show that a combination of type-specific minimum wages and vacancy-posting subsidies

can achieve the competitive allocation (Proposition 6 from the main text).
Lemma 7. In the BGP, the labor allocations and wages are determined by the following equations:

(i) optimal cut-off for the idiosyncratic productivity of capital
g1 =1 +9)(1—a)m(egy), (A63)

where m(g,) is defined by

miey) = L A= (A4 g ey) (A64)

S BT(L =) (1 + ) I((1 4 )" ey)

(ii) the marginal unit of capital earns zero profits

L=a | AT(1=0) "TP((1+9) 'ep) | f(0); (A65)
=1
(iii) flow wages
B = nlfi@m(er) — v/ (no) ] + (1= /(i) (A66)

13



(iv) optimal vacancy posting

fi@)m(ey) — wi —v'(ni) /w

i = PAs(0; ; A
(v) optimal household search
/ w; — v'(ny)
i) = i ; A
(vi) the steady-state law of motion for employment
on; = Ay (0;)si; (A69)
(vii) labor market clearing
Kl 1T (A70)
v; DI

Proof. The system of equations consists of variables 1 + 5N variables ¢, v;, ni, 0;, s;, w;, with
1+ 5N equations (A63)—(A70).

(i) On a BGP, the optimal investment equation (A55) equates capital’s marginal product to
the marginal cost of operation. Hence, the shadow value of a worker ; is simply that worker’s

marginal product, given by

Xi = fi(v)m(gy), (AT1)

where m is defined in equation (A64) as a weighted mean idiosyncratic productivity of capital that

is utilized. Substituting X; into the equation for £ in (A54) and evaluating at 7 = 1 gives

AR A
6= +g>2i}{g)”m<el>.

From the definition of f(v) = F(1,v) = v'~®, we know that f(v) is homogeneous of degree 1 — «,
which is the labor share of the production function. Applying Euler’s theorem for homogeneous

equations gives Zfil fi(@)v; = (1 — a) f(v), so we have
g1 =1+ 9)(1 —a)m(e),

which is equation (A63). This is independent of any other labor market condition and only depends
on the parameters g, «, and the dispersion of idiosyncratic shocks o..

(i) Substituting our expression for Z{:l fi(0)v; into the optimal investment condition (A56)

14



obtains .

af@ = Y BT (L=0) "P(1+9) 'e)|
T=1

which can be rearranged to obtain the expression in equation (A65).
(iii) Substituting the value of Y; from (A71) into the definition of 7; (A51), the present value

of a type 7 worker to the firm 7; is

5 _ hOmle) V)
1= 6(i—o0)

Substituting 7; into the vacancy-posting condition (A53) gives the simplified vacancy-posting con-
dition in equation (A67).

(iv) The household optimal search condition (A68) is a restatement of equation (A49).

(v) Substituting 7; into the BGP wage equation (A52) gives (A66).

(vi) The transition law for labor (A69) is a restatement of equation (A62).

(vit) The BGP labor market clearing condition (A58) can be rearranged to obtain

HiTg

=X

(%

M(e,) (1 - 8)™".

M-

T=1

Observe that the right-hand side of this equation is independent of 4, so the left-hand side must be
the same for all 4, which gives equation (A70). O

Wage Markdowns. We now describe how we arrive at the expression for the BGP wage mark-
down (25) from the main text. We will use equations (A51), (A53), and (A52) from the balanced

growth path, reproduced here in rearranged form:

Ui = Xi — ;v/(ni) (A72)

1-B(1-0) ri St o
5 o TN T (A78)
w; = nv; + (1 —n)v'(ny), (A74)

where 7; = [1 — B(1 — 0)]v; is the flow value of the worker to the firm and p = % — 1 is the rate of

time preference such that # = % —(1—0)=p+oin (AT3).

The expression for v;, (A72), can be rewritten as X; = 7; + 20'(n;). The expression for the
K

annuitized vacancy posting costs, (A73), can be written as v; = (p + U)W + w;. Substituting

15



this expression for 7; into X; implies that the ratio of w; to ¥; is given by

Wi _ wm — = — T (A75)
Xi Wit (p+o)gay v M) 1+ (p+o)xye T o e

where the second equation divides the numerator and denominator by w;. We now eliminate the
wage from the RHS of (A75). Equation (A73) can be written w; = v; — (p + 0)%. Plug this
into the wage equation (A74) and rearrange to get 7; = v'(n;) + (p + a)%ﬁ. Then plug this
back into (A73) to get w; = v'(n;) + 1 (p + 0) x5 Finally, plug this into (A75) to obtain

Ar(0:)
Kq —1
e P o) B TIO) - (AT76)
Xi wo V) + 5t o)y v + e+ o)5s

as in the main text.

Firm-Specific Labor Supply Elasticity. We can also use this algebra to derive equation the
firm-specific labor supply elasticity along the BGP from the main text. As in the main text, first

consider the participation constraint for firm j along the BGP:

1—5(’1—0)%(9#) [@ —vn) (Zf)

Differentiating with respect to the wage w;; and n;; holding 6;; and )/A\;z fixed, we obtain

- ’ 1 n” %71 dn” ~ ~ U,(ni)
dwij —v'(ng)— ( —* =0 = dlogw;; - w; = dlognij,
w \ n; n; w

where the second line uses the fact that n;; = n; and w;; = w; in a symmetric equilibrium. From

the derivation of the markdown equation above, we know that w; = v'(n;) + %w /\f%,).

Furthermore, from our calibration results, we also know that the annuitized portion of vacancy-

posting costs are small, implying that w; ~ v’(n;). Plugging this in gives

!y
U(nz)dlognzj ==

dlogn;;
T = RW
w dlog w;

dlog @ij . ’Ul(ni) S (A77)

B Labor Market Policies

In this appendix, we show how to add to the model the two labor market policies that we study in

the main text: the minimum wage and transfer programs (like the EITC).

B.1 Minimum Wage

As in Appendix A, we first focus on the firm’s problem ignoring initial conditions in order to see how
the minimum wage changes the key decisions of the firm. We use this analysis to characterize the

long-run effects of the minimum wage along the BGP and prove Proposition 6 from the main text.
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Finally, we add back in the initial conditions and discuss why firms are reluctant to fire workers
in our quantitative work. Throughout, we focus only on the equations that change relative to the

baseline model from Appendix A.

B.1.1 Introducing the Minimum Wage

The firm’s problem is the same as in Appendix A except that we add a minimum wage constraint
Wijegr > W, forall t >0 (xQotpijes1) (B1)

and a nonnegativity condition on vacancies
aijt > 0 for all t >0 (xQo+&f), (B2)

where Qo,¢piji+1 and Qo,tffjt are the scaled multipliers. We assume that the firm fulfills the present
value by a constant wage per period that grows with time and satisfies the legislated minimum
wage constraint on the flow minimum wage. That is, if the wage offered to workers in period ¢
who begin working in period ¢ + 1 is w;ji4+1 > Wi41, then in the net period we have w;ji12 =
(14 g)wiji+1 > (1 + g)wi41 and so on. This leads to the constraint (B1) in terms of the present

value Wijs11 = dip1wije41 where dyy1 is a discounter defined by

div1 =1+ Qri1402(1 —0)(1+9g) + Qrr1443(1 —0)*(1+g)% + ...,

which accounts for discounting, separations, and growth. The reason why we specify this constraint
in terms of flow wages is that in practice this is how minimum wage legislation works. Our formula-
tion restricts wages in minimal ways consistent with the constraint that in each period the flow wage
is at least as high as the legislated minimum. Specifically, it prevents firms from offering present

values of wages such that in some periods the associated flow wage falls below the minimum.

First-Order Conditions. The only part of the firm’s problem that is affected by the minimum
wage are the equations in the hiring stage. Within the hiring stage, the first-order conditions for
employment n;j;41, (A6), and market tightness 0,5, (A8), are not affected.

The first-order condition for vacancy posting a;j; is now
—Qotkit — Qo.t-+1Af(0ijt) Wijt+1 + Qo412 (05t )Vijer1 + Qo &l = 0

K

_
Ar(0ijt)

Here, we explicitly keep track of the multiplier on the nonnegativity constraint on vacancies, since

+ Qt,t+1Wijt+1 > Qt,t“uijtﬂ, with equality if Qijt > 0. (BS)
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it will never bind without a minimum wage policy but it could bind with one. The only condition

that is directly affected is the first-order condition for wages Wj;;41, which now is
= Ap(Bije)aije + Yijerr + pijerr = 0, (B4)

where p;js4+1 is the multiplier on the minimum wage constraint. There are two cases. First, if the
minimum wage is not binding, then this equation is reduces to v;jt+1 = A f(Hijt)aijt. In this case,
plugging this expression back into the first-order condition for market tightness (A8) we get the

same equation as when there is no minimum wage, that is, (A10), which repeat here for convenience
Wijt+1 = nije+1 — (L — ) Vijes.

The interesting case is when the minimum wage is binding. Here we will simply use the first-
order condition for market tightness (A8) as an equation that defines the multiplier v;j;4+1 given

that W;ji41 = W,. That is, we solve for 7,541 using the following algebra

Vijt+1 Wi Aoy (Bigt)
jt+1 Jt+1 aijt Qti+1 w(0ije)? Xf(eijt)
Yijt+1 Wi A (Oige) 1

W =V +
41 Jt+l aije Qtt+1 \w(0ijt) )‘/f(eijt) Aw (Bijt)

Yijt+1 A (Oit) 1

Wit = vijees + 225 (W, 4V
Wi Jt+1 aljt_i_l( t+1 jt+1) A/f(ez]t) )\w(eljt)
=W + Vijin

n o Ap(Oii)ais

N Vijt+1 — Wtﬂ
T Wy Viges ¢ P00
In the second line, we plugged in Wijt11 = W, ;. In the third line we used Wit/ [Qt 141w (0ijt)] =

- . . )\f(ei ‘t) Aiu(ezt) _ 1—n ..
W, .1+ Vijig1 and in the fourth line we used )\w(eijjt) A}(qujt) == Summarizing

= W1 = Vijt+1 — Yije+1

= Yijt+1 =

)\f (Hijt)aijt if slack

n Vigter =Wy, Ve if bi
T W F Vst Af(0ijt)aqje if binds

Yijt+1 = (B5)

NVijtr1 — (1 — 1) Vijes if slack
Wiji41 = ’ ! (B6)
W, if binds

and the sequence of multipliers on the participation constraint, v;;1, ..., ¥it+1 show up in the value

of a worker equation

1

1y

Unit+1 1 Mgjer1 \ @ 1

Vijt+1 = Xijt+1 + Mijii1 — + Qui1,042(1 — 0)Vijiq2, (B7)
Ucit+1 W\ Mit+1 Nit+1

since Mijit1 = Vijer1 + (1 — 0)vije + ... + (1 — 0)'vij1. So, in general, the value of M;;;1 depends

on the entire binding pattern of the minimum wage.
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Detrending. Here we state the conditions of the problem in stationary form to anticipate the
balanced growth path and we impose symmetry. The only conditions that change are those for
when the minimum wage is binding. When it is slack then, as before, vj;11 = Af(0;¢)as is already
stationary. When it binds then in detrended form the multiplier is

N (149 T — Wey)
—n(1+ g)tH(EtH + Viey1)

So in detrended form (B5) becomes

Titi1 — W
)\f(@it)ait = 1 n ,j+1 ~t+1 )\f(eit)a,-t.
—N (W, 1+ Vier)

Yit+1 = 1

Af(0ir)aq if slack
’Ylt—‘—l = 7 ;it+1_Et+1 )\ 9 ) 'f b' d (BS)
TN W, +Vies1 7(0it)ay if binds

and in detrended form wages are

—~ NVit+1 — (1 — 1) Vig if slack

Wity1 = ' __ ' (B9)
W, if binds

Of course, here also since the value of M;;;11 depends on the entire binding pattern of the minimum

wage, so does the value of a worker given by

5z‘t+1 = sz't—i—l - Mit+1vl(nit+1) + Qt+1,t+2(1 + 9)(1 - U)ﬂit+2- (BlO)

WNit41
B.1.2 Balanced Growth Path and Proof of Proposition 6

We summarize how the minimum wage impacts the BGP In the following result, which is analogous

to Lemma 7 in Appendix A.

Lemma 8. In the BGP, the labor allocations and wages are determined by the following equations:

(i) optimal cut-off for the idiosyncratic productivity of capital
g1 = (14 9)(1 — a)m(ey), (B11)

where m(g;) is defined by

VRN ;) s L (L) =V B12)

302y BT(1 =) 1+ g) I (1 + )™ ey)

(ii) the marginal unit of capital earns zero profits
> ~
L=a | 5007 (1 +9) )| f(D); (B13)
=1
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(iii) flow wages
B = { nlf@mler) - v (m)/w] + (- o' (ng) if slackw if bind }3 (BL4)

(iv) optimal vacancy posting

5>\f(9i) Fi(@)m(gy) —w;—v' (ni) /w Zf slack

J— 1-B(1-0) . (B15)
Ri = "(n; pg - )
ﬁ/\f(az‘)ﬂ@gl((fﬁ,)w w,ﬁ(;:,j)((li)l/w) if bind
(v) optimal household search

h D) = BAw(0; M B16
(5) = Bl T (B16)

(vi) the steady-state law of motion for employment
on; = Ay (0;)si; (B17)

(vii) labor market clearing

Hilti _ A (B18)

% U1

Proof. As described above, the only two equations change due to the presence of the minimum
wage: (i) the expression for the multiplier on the participation constraint (equation (B8) in the
detrended system) and (ii) the wage equation (equation (B9) in the detrended system). All the
other equations characterizing the equilibrium from the summary of BGP conditions from the
baseline model (A48)-(A62) continue to hold. Furthermore, the proof of conditions (i), (ii), (v),
(vi), and (vii) from Lemma 7 relied only on those other conditions, so they apply equally here.
Therefore, we only need to focus on the part of conditions (iii) and (iv) when the minimum wage
binds. Clearly, the wage equation when the minimum wage binds is simply w; = w, giving us the
binding part of condition (iii).

The remaining challenge is to prove condition (iv). Recall, that in the case where the minimum
wage is not binding, we substituted for the multiplier on the participation constraint v;; from (B8)
in the expression for the present value of a worker v;;4; from (B14) and simplified to arrive at the
non-binding version of condition (iv) from Lemma 7. When the minimum wage is binding, we must
follow a different strategy because the multiplier on the participation constraint -;; in (B8) itself
depends on the present value of a worker 7;;,1, and the present value of a worker ;41 from (B10)

implicitly depends on the value of 7;; through the auxiliary variable M1 = (1 — o) My + Yiet1-
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Note that imposing balanced growth on (B10) gives
~ Xi— M;v'(ng)/(wny)

= . B19
v 1-5(1-0) (B19)
Next, note that the BGP version of the multiplier on the participation constraint (B8) becomes
Ui v —W 1 vi—W

w Yi Z
- —_— ~>\ elazé——: =,
L=nw -V, (%) on; W4V,

where the second line uses the BGP law of motion for employment A¢(6;)a; = on;. Next, define

Yi (B20)

the numerator of (B19) as the flow value of a worker to the firm along the BGP by letting v; =
Xi — sz’(nl)%nz We then convert all the terms on the right side of (B20) by dividing both the
numerator and denominator by 1 — 5(1 — o) to get
vl DZ;/M (B21)
on; w—v(n;)
Next, we will plug this expression into the flow value of a worker 7; = Y; — M;v' (nl)%m Note
that the BGP version of the evolution of My = (1 — o) My + Yigr1 is M; = %, SO we can write

this flow value as

N " . 1 N " .o/ N
> Y /(nz) — D= — Yi U ( z).
g wn; on; W

% from (B21) into this equation to get

aon

Now plug in the expression for

o Y pi—w
=i — L B22
V’L XZ w M_'U/O/Li) ( )

We will use this implicit expression for 7; to obtain the expression for optimal vacancy posting

(B15). Now subtract the minimum wage w and solve for 7; — w to get

. s v —w v'(n;) N 1 v'(ng)| <
Gmw=Ximwo S T, Ui —w) [1+w_v,(ni) i
— , . / .
g [E ) ]
w —v'(ny;)
— D —w= w = v(ny) (Ri — w) (B23)
N FTET D ICES V0] R
Finally, plug this into the detrended vacancy-posting condition given by
_ B NG
Ki =1 5= U)Af(ﬁl) (U; —w)
to get
B w — v (n;) _
= X\(6; i —w). B24
= TR =) [ m e = ey | 6T (B24)

Note that the expression Y; = fi(v)m(g;) continues to be true from the proof of Lemma 3. Using
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this, we obtain

i

T 1-B(1-o0)
which completes the proof. ]

Proof of Proposition 6. We will now build on this characterization of the BGP under the
minimum wage to prove Proposition 6 from the main text. To do so, we must first extend the
space of policies to incorporate the two policies from Proposition 6. First, a type-specific minimum
wage can be represented as the detrended flow minimum wage, w,, specific for a type ¢ worker.
Since the policy will set the minimum wage to its competitive level, which is strictly above the
monopsonistically competitive equilibrium value, the minimum wage will be binding for each type
of worker. Second, a subsidy to vacancy-posting can be represented by replacing the detrended
vacancy-posting cost k; with its after-subsidy version k;(1 — 7;). With these two changes, the

system of equations characterizing the allocation under the policies is

g1 =(1+g)(1 —a)m(e) (B26)
l=a ZgT(l — o) 'IP((1 + 9)7_161)] f(v) (B27)
T=1
(1) = (Jilv)m(ey) —w; w; —v'(nq)
(1= 7) = Al HOEN S | ) (B23)
K (si) = 5>\w(9i)m (B29)
on; = Ay(0i)s (B30)
pini _ pan (B31)
v; (%]

The allocation in the competitive model can be obtained by evaluating Lemma 3 at w = oo:

e = (1+9)(1- aym(e) (B32)
I=a ilfﬁ(l o1+ g ey | £E) (B33)

i = s (05) _)TZ((?E ;)@5 (B34)
Wist) = (o), (B35)
ong = A (65)s§ (B36)
pany _ g (B37)
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wy = nfi(0)m(e;) + (1 = n)v'(nf). (B38)

We will show that the competitive allocation from equations also solves the equilibrium allocation
under the policy choices from Proposition 6. To do so, we evaluate the system of equations charac-
terizing the equilibrium under the policies, (B26)—(B31), at the competitive allocation (i.e. with
v =70° n; =nf, and so on). We will show that doing so gives the same system of equations as the
competitive system, (B32)—(B38).

Given this guessed allocation, the following equations are clearly the same because the wage does
not enter them directly: (i) the productivity cutoffs (B26) and (B32), (ii) the zero profit condition
for the marginal unit of capital (B27) and (B34), (iii) the law of of motion for employment (B30),
and (iv) the labor ratios (B31) and (B37). The household’s optimal search condition depends on
the wage; since the policy sets the type-specific minimum wage w; = w{, these two conditions
(B29) and (B35) also coincide. Finally, under the choice for 7; from the main text, the optimal
vacancy-posting conditions (B28) and (B34) also coincide.

Note that dividing the monopsony vacancy-posting condition (B28) evaluated at the competitive
allocation with the minimum wage policy w; = w§ and the 1 — 7; in the proposition gives that

w;ic — v'(nf)
wi —v'(nf)(1 = 1/w) |’

1—7=

which is exactly how these subsidies are set. This establishes the result.

B.1.3 Initial Conditions

In all of our experiments, we assume that the economy is initially growing along the BGP without
policies, characterized in Appendix A, and then the policy is unexpectedly introduced in the initial
period ¢ = 0. Up to this point, we have largely ignored the initial conditions faced by firms in
this initial period ¢ = 0 and focused on the behavior of the economy from period ¢ > 1 onward.
In this subsection, we specify the initial conditions and whether firms fire workers in the initial
period t = 0. The firm takes as given four sets of initial conditions drawn from the initial BGP
when solving its problem in period ¢t = 0. First, the firm inherits a distribution of capital stocks
Kjo(v—7, A_;), where v_; is the vector of labor intensities chosen along the initial BGP in periods
—1,—-2,... and A_, is the corresponding level of vintage productivity. Second, the firm inherits a
measure of employed workers of each type i, N;jo = Njo, equal to the employment rate N; of each
group from the BGP. Third, the firm inherits the flow wage schedule initially promised to each of
these worker types along the BGP. Given that flow wages grow at a constant rate within a match,

this flow wage schedule is summarized by w;g, the flow wage promised to workers of group ¢ in
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period ¢ = 0. Under the minimum wage, firms must now pay these workers w;p = max{w;p,w}
in period t = 0, w;; = max{(1 + g)wio, (1 + g)w} in the following period ¢t = 1, and so on. Let
Wz‘o = Ztoio Qo (1 — O’)tﬂj\it denote the present value of wage payments promised to these workers
going forward. Finally, the firm inherits the Marcet-Marimon cumulation of multipliers M;y from
the initial BGP to reflect promises made to workers hired before period ¢ = 0.

We assume that when the minimum wage is unexpectedly introduced in period ¢t = 0, a firm j
can choose to fire a measure Fjjo of its initially employed workers. However, for all workers that it

does not fire, the firm must pay them at least the flow minimum wage each period.

Initial-Period Decisions. The majority of the firm’s problem is identical to the what we have
already studied except for decisions in the initial period ¢ = 0. Furthermore, nearly all decisions
about hiring and investment made in this period only impact the firm’s objective starting in period
t > 1 onward, so those are unchanged. The only exception is the option for the firm to fire Fjjg
workers in the initial period. The option to fire workers affects the profit maximization problem in
four ways. First, for each fired worker, the firm saves itself the present value of flow wages it would
have been obliged to fire that worker had they remained employed. Hence, the term ), /WioFijO
is added to the firm’s objective function. Second, the adding up constraint in the assignment of
workers to machines must reflect the fact that the firm may fire some of the existing workers:

o0
sz‘,—TUjo(U—nE, A_)Kjo(v_7, A_;)m(e)dedv < Nyjo — Fijo  (XXij0),

=1
where x;;0 is the multiplier on this constraint. Note that, since this constraint holds with equality
along the initial BGP, positive firing Fjjo > 0 requires lowering the utilization rates of existing

capital. Third, we must modify the law of motion for employment to account for firings as well:
Nij1 < (1 = 0)(Nijo — Fijo) + Ap(0ijo)iaijo  (XQoavijn),

where v;;1 is the scaled multiplier on this constraint. Finally, firms must satisfy the non-negativity

constraint Fjjo > 0 (x{lfjo).

First-Order Conditions. The first-order condition with respect to Fjjo is W\io —xij0 — Qo,1(1 —

o)vij1 + fifjo = 0 or, equivalently, ﬁ/\ig — Xijo — Qo.1(1 — o)vij1 + fz-ij:O, which implies
Xij0 + Q071(1 — 0')1/2']‘1 > Wio, with equality if Fj;0>0. (B39)

That is, firms do not fire workers if the present value of the workers’ benefits to the firm — their
marginal product in period ¢ = 0, x;jo plus their present value going forward, Qo 1(1 —o)v;51 on the

—

LHS of (B39)—is strictly greater than the present value of wage payments to those workers—W;
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on the RHS of (B39). This is the only new condition for the initial period ¢ = 0; all other conditions

are the same as in the baseline model.

B.2 Transfer Programs

We now turn to the transfer programs. Section B.2.1 shows how transfers impact the household’s
problem. Section B.2.2 shows how transfers impact the firms problem. Section B.2.3 shows how to

detrend those conditions and arrives at the BGP.

B.2.1 Households

We first provide some additional notation related to the transfer system, and then show how it

affects the solution to the household’s problem.

Notation. Asin the main text, we will represent the transfer system in terms of the after-transfers
wages that households receive. In particular, if the firm pays the flow wage w;j;, then households
receive the flow payment A;(w;j;;) which includes the transfers from the government. Also as in the
main text, we assume that the transfer system satisfies the property A;(wijt) = (1 + g)"A(wWiji)
for some time-invariant function A(w) where, as usual, tildes denote detrended variables. Note
that this assumption also implies that A}(w) = A’(w).2 We use the discounter operator dyy; =
1+ Q14421+ 9)(1—0) +Qti1443(1+9)*(1 —0)?+. .. to convert this stream of flow payments to
the worker to the present value ng 1= dt+1At(wijt+1). From the firm’s perspective, the present
value of wage costs is the same as in the baseline model W;ji11 = di11wije41.

Household Problem. The transfer program changes two parts of the household’s problem rela-
tive to our baseline model. First, the wages received in the budget constraint are Wéﬂ from above,
to reflect the present value of transfer payments. Second, the present value of profits need to reflect
the corporate taxes to fund the program.

More formally, the household’s utility maximization problem is now

o
max Z/BtUt(cit,nit,Sit) such that
=0

CitsSijt Mijt+1
nijir1 = (1= o)nije + Mw(0ije)sije (B Vijir1)

Z Qoicit = Vi(1 — 1)P+1; + Z Qo,t Z /\w(9z‘jt—1)8ijt—1Wgt (xI),
t=1 P

t=0

2To see this, note that

d gy = L4 ) A@s) = 1+ g LAYy = 1H9I yg) = a@).

A;(w) =70 w dw (1+g)t) (1+g)t
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where 7. is the profits tax rate. As usual, the variables in parentheses denote the (often rescaled)
Lagrange multiplier associated with the constraint. Compared to the household problem in the
baseline model from Appendix A, the only first-order condition that changes is the one for search

effort to take into account that wage payments are now Wgt 115

Usit

= Aw(03it) Qt 41 (Vijigr + Wi?t-f-l) . (B40)

Ucit

The optimal search condition (B40) also changes the participation constraint to

Aw(0i) (Wiiiy + Vijear) = W (B41)
B.2.2 Firms

We now turn to how the transfer program affects the firm problem. We first restate the profit-
maximization problem and then derive the FOCs. As with our minimum wage analysis, we abstract

from initial conditions and focus on the conditions that change due to the transfer program.

Firm Problem. The presence of the transfer system changes the firm’s problem in three ways.
First, the participation constraint (B41) now reflects the fact that households receive transfers, as
derived above. Second, and related, we re-state the firm’s wage choice in terms of the initial flow
wage w;ji+1 instead of the present value. Using w;ji41 as the choice variables allows us to capture
how firms’ wage-posting decisions affect both the present value of households’ post-transfer income
and firms’ pre-transfer costs. Third, the profits tax multiplies flow profits each period by 1 — 7.
However, since the tax rate is constant, this change amounts to multiplying the objective function
by 1 — 7., which doesn’t affect the profit-maximizing decisions. We therefore drop the 1 — 7, from
the exposition to keep the equations as close to our baseline model as possible. We abstract from
the possibility that firms will want to fire initial workers given that it will not be relevant for this

policy. With these changes, the profit maximization problem is

Z Qo,t <Z/ wjt (v, Ar—r,€) Ar—re f(0) Kji(v, Ap—r)m(e)dedv — Z pi(A g (Oije—1)aije—1diwije + Kiraijt)
t r Jue %
Wi

%) 1 %)
Unit+1 ( Mije41 \ @
— X Ud’U + QO LuM 1 J —+ 6207 1Mi%Yij 1 d 1A 1(Wy5 1) — —~————(————~
/ ]t() ) ;_0 A1 M4 Uviter \ Misn ;:0 t+1 M8 Yijt+ t+ t+( z]t+) Qt,tJrl/\w(eijt)

subject to  u;i(v, Ay—r,e) >0 (xQoyt)\th(v,At,T,s))
ujt(vaAt7T7E) S 1 (XQO,t)\;]t(’UagaAtf‘r))

it (v, Ap—r, €)0i K (v, Ap—7)m(€) < Nije(v, Ay—r,€) for all i (xQo ¢ Aije(v, A—7,€))

Z/ Nije(v, Ay, e)dedv < pimije for all @ (X Qo1 Xijt)
- Jue

pinijer1 < (1= o) pinige + Ap(0ije) piaije for all i (X Qo i41Viji41)



Kjtyri1(v, Ar) = (1 = 8)" Xje(v)  (XQot4r+1Gjt,t+7+1(V))
Xit(v) >0 (xQo,ett5¢(v)).

First-Order Conditions. As with the minimum wage, the only part of the firm’s problem that
is affected are the equations in the hiring stage. At the hiring stage, the first-order conditions for
employment n;;;41, vacancies a;j;, and market tightness 0;;; are unaffected. However, the transfer

system changes how the first-order condition for market tightness (A8), so we reproduce it here:

Yijier Wi Ay (0ije)

Wijt+1 = Vijt41 + : B42
ijt+1 ijt+1 aijt )\w(eijt)Q )\}(eijt) ( )
The first-order condition which changes is the one for wages w;ji41:
Ao (0 ) awis
— Qot+11iAf (i) aijediyr + Qopr1piVijtr1der1 Ay (Wijep1) =0 = vijep1 = M (B43)
Ap(wijer1)

The transfer system changes the multiplier on the participation constraint, which has two effects.
First, this multiplier enters the law of motion for the auxiliary variable M;ji11 = (1—0)M;jt+ijit1-
Second, this multiplier affects how we simplify the FOC for market tightness (B42). Plugging the
expression for the multiplier (B43) into the FOC for market tightness (B42) gives

Ar(0ijt)  Wie Ny (0ijit) 1

Aw(Oije) Adw(Bije) Ny (Oi5e) Ap(wijesr)

(91]15) 1 = Vpipel — W]t+1 + V;Jt+1
(ewt) (wijtﬂ) v At(wwtﬂ)

Wijtr1 = vijryr +

Ar(0ijt)
= Vijt+1 + m (Wé{tﬂ + VlJt+1)

>/>/

. (B44)

: . W; _ Ar(0i5¢) Ny (0ijt)
where in the second line we used Te;ﬁ) = Wmtﬂ—i—thH and in the third line we used $- (eét) /\’f(f)ijt)

—1_77’. In the baseline model, we were able to further simplify (B44) in order to get a closed-form
expression for the present value of wage payments W;j;11. However, we're not able to do so in this

case due to the transfer system.

B.2.3 Detrending and Balanced Growth Path

The only equilibrium conditions which have changed relative to the baseline are the search FOC
(B40) and the wage equation (B44). We therefore focus our discussion of detrending on those
conditions. For the search FOC (B40), first note that

Wiliy = di1 Af(Wijig1) = dpg1 (1 + 9)' A(Wijrg1) = W]t+1 = di1 A(Wijev1),

where the second equation uses our assumption that As(w;jir1) = (14 g)' A(Wjji4+1). Plugging this

into the search FOC gives

(14 0)' W (si0) = Qersn MaOir) L+ 9)" ™ (Wily + Vi)
— W (sit) = Quara (1+ 9)hu(0) (Wil + Vi) (B45)
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To detrend the wage equation (B44), recall the property that A}(w;jt+1) = A (Wije+1). Therefore,

fon ~ 1—n W]t—i—l + ‘/Z]H‘l )\f(ez]t)az]t

Wijt+1 = Vijt+1 — A (Tn) and Yije1 = —; @) (B46)
1] 17

C Putty-Putty Model

This appendix derives the putty-putty version of our model, referenced in Section 2 of the main
text. Section C.1 shows that the firm’s problem in the putty-putty model can be represented using
an aggregate production function in terms of efficiency units of capital. Section C.2 solves that

problem and compares the solution to the putty-clay model.

C.1 Aggregate Production Function

In each period ¢, firm j can freely allocate Njj(A;—r,€) units of type-i labor to capital with
vintage productivity A;_, and idiosyncratic productivity . The resulting output from combining

Nijt(A¢—r, €) units of labor with Kj;(A¢—, ) units of capital is

th(Atffﬁ): (AthE)éKjt(Athag)} G(th(Atfng))l_a

e=1157

GNGi(Ai-r,2)) = [ENLi(Ar-7.)F + (1= ONigje(Aer) |7

s

¢=1 1 3=1

Njet(At—r,€) = Zzi(Nijt(At—n€) 2 )V h
el

where Nj;(A;—) is the vector of labor across types i = 1,2,...,I, e € {L, H} and I, is the set of

types ¢ in group e. These are the functional forms used in our quantitative analysis in Section 5.

Labor Allocation Problem. As in the putty-clay model, a key component of the firm’s profit
maximization problem is to allocate workers across different units of capital, subject to the con-
straints ) fe Nijt(A¢—7,€)de < Nyji, where Ny is the total measure of workers of type i employed
by firm j at the beginning of period ¢t. We isolate this labor allocation problem by solving

max Z/ [(Ap—re)a Kj(Ai—7, )] G(th(At—T,E))lade—kz)ACijt[Nijt—Z/Nitj(At—mE)d&
i T 7€

where, as in the main text, we use the notation X;;; to emphasize the fact that the multiplier X
comes from the firm’s full dynamic profit maximization problem. Solving this pseudo-Lagrangian
yields the aggregate production function in the putty-putty model.

The first-order condition with respect to Nj;i(A¢—r,¢€) is

(Apre) o Kjy(Ar—r,) |
G(Nji(A—r.€))

(1-a) Gi(Nji(Ai—r,€)) = Xijt- (C1)
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With our nested CES functional form, the partial derivative G;(Nj;(Ai—7,€)) can be written as

)

1 1

Nejt(At—Tag) :|“P A|:N’th At € :|¢
(

Gi(th(At—T’E)) =& |:G(th(At—‘rv5))

where e =€ if i € I, and & = 1 — £ if i € Iy. Plugging this expression into (C1) gives

(At—TE);Kjt(At—T7€)] €€|: Nejt(At—T7E) :|i’ 2 |:N1jt(

Arre)]%
=) NG (A 0)) N (Arr.2)) Nejo(Arr.z >] =% ()

e]t At 7€

We next proceed in two steps. First, we manipulate the first-order conditions (C2) across types i
to show that relative labor demands are independent of the capital type (A;—r, €). Second, leveraging
this result, we show that the level of labor demand depends linearly on the capital type (A;—r,€).

This linearity allows us to aggregate across capital types to derive the aggregate production function.

Relative Labor Demands. To derive relative labor demands, divide the first-order condition
(C2) for two types i and i, which are both in the same broad group I,:

1
Zi (Nijt(At—Tu5)> ¢ Xijt

Zi. \ Nigjt(Ai—r,€) " Xiejt

e

Invert this mapping to get

Nijt(Ai—r,€) _ ( Xijt Zze> ¢ _ e
Nijt(A—r,€) Xiejt Zi wt:

Hence, the ratio of employment between any two worker types ¢ within the same education group
is independent of capital type (A;—-,¢). We denote the ratio of type i to the “base type” i, nf, for
all ¢ € I.. The base type i, is arbitrary, but it may be helpful to think of it as the first index
within the education group I.. Note that, by definition, n{ =1

We can use this result to re-write the labor aggregate for the education group Ngji(Ai—r,¢€) as

_o

o-1 |7 =1 o

Nejt(Ar—r,€) = | > 2i(Niji(Ar—r,8) @) = Nigjt(Arr, )Y 2i(n,) @ |51 (C3)
i€l i€l
Taking the ratio of this expression for e = H divided by e = L gives
H\S5 75

Nuji(At—r,€)  Nigjt(As—r,€) [ZiEIH zi(njj) ? =T Nz'Hjt(Athﬁ)n (C4)

A - N 61, & — N igt

NL]t(At—T;E) NZth(At—Tag) [ZiEIL zl(nzljt) P }¢>71 NIL]t(At—T7 )

¢=1y 580
e =
[ZiEIH Zi(nijt) ® ]
— [

$—1
[ZiEIL zi(nk,) ¢ ]¢—1
Next, take the ratio of the FOC (C2) to the two base types iy and iy, in each education group:

1 _
1-¢ <NHjt(At—T,E)> © Ziy (NiHjt(Atn€))
3 Nrji(Ai—r,€) Nipjt(Ai—r,€)

for nij = , which is independent of capital type (A;—r,€).

o=
=

X’LHjt
X’LL]t

Zig,
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Plug in the ratio of group-level aggregates from (C4) to get

11 1
1-¢ <NiHjt(At—7'7€)n >¢ ? Ziy (Nz‘Hjt(At—mE)> ? _ Xinjt
it — ==
3 Nipjt(Ai—r,e) 7 zi, \ Nipjt(Ai—r,€) Xirjt
1
1 (ason) S
£ zip 90 \Nigji(Ai—r,¢) Xirjt
Invert this mapping to get
Niyjt(Ai—7,€) _ <5(\iHjt £z ;_;>¢
Nipjt(Ai—r,€) Nijt 1 — &2y Ut '
Finally, plug this back into (C4) to get
—¢
Nujt(Ai—7,€) Xinit & Zip -3
Nrjt(Ai—r,€) ot Rigjt L — & ziyy o (C5)

which is also independent of capital type (A;—+,¢€).

Level of Labor Demand. We have now shown that all ratios of individual and group level
labor demands are independent of capital type (A;_-, ). We now turn to deriving the level of labor
demand and showing that it depends linearly on the efficiency units of capital. To do so, we return
once more to the first-order condition (C2), this time for the base type i =ir:

) [ K, 0) ] 5[ Nije(Ai—r, ) ] [Nz-mmt_ﬂe)
G(Nj(Ai—r,€)) G(Nji(Ai—r,€)) 'L Npji(Ai—r,€)

_% R
(1 — :| = Xith' (06)

Note that we can write the ratio

Npjt(Ay—rye) Npji(A¢—r,€)
G(Nji(Ap—r,€))

- = e -oNg |
Npji(Ai—re)[§ + (1 = &Ngs, [#7

which is independent of (A;—r,¢). Similarly, we can write the ratio

__¢
d—1
Nipjt(Ar—r,€) Ly et
—— = zi(ngy) @
Nrji(Ai—r,€) l.ezlz (nije)
Plugging both of these back (C6) gives
1
(Ay 5)%Kjt(At £) “ ©-17 %=1 o1 -1
11—« — . +(1—=¢&)N.7 P zi(n%,) 5 =%
-0 || leraong 2 o) Tisge

1
The only terms that involve (A;_-,¢) are in (At&;)j( Ait(A;)T <) which we can write as
J —Ty

(Apre) e Kji(Ar—r,) (A—re) e Kji(A—r,€)
G(Nji(Ar—,€))

p—1

Nrjt(Ai—r,e)[§ + (1 - f)NE]%
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Plugging this, we have

«a 1
1 $—1

(Athg) é Kjt (At—n 5)
—1

Niji(Aer o) + (1 — §)N 5, |57

Solve this equation for Np;;(Ai—r,¢€) to get

@\

(1-a)
i€ly,

1 é=1 1
Nijt(Ar—ry€) = (Ar—re) @ Kjt(Ar—r,€) X G- alle+ ONEN Sk [wzlidj ) 7 1
Xipjtl§ + (1 = &Ngs o1
= (Ay_re)a Kj1(Ap_r,2) x Ljy. (C7)

Hence, we’ve achieved our goal of writing the labor allocation in terms of relative labor demands,
which are independent of capital type (A;—-,¢), and the level of labor demand, which is linear in

the efficiency units of capital (At,Te)é

Aggregation. We now show how to aggregate different types of capital to derive an aggregate

production function. We start from the aggregate labor input G(Nj;(A;—7,¢)),

p=1 p—1

G(Nji(Arr,€)) = Niji(Arr, ) [E+(1=EN 7, 1577 = (Ayre)a KGu(Arr,€) Lisle+(1—€) Ny, 1577

Note that Kji(Ai—r,e) = Kji(Ai—7)m(e) where Kji(Ai—7) = (1 —0)"Xjs—- is the total amount of
capital with vintage productivity A;_.. Integrate over ¢ to get
1 el o 1
G(Nje(Ai-7)) = Af (1= 6)" Xji—r Ljn[§ + (1 — )N, ] /&‘W(E)de,

where, abusing notation somewhat, we define G(N;(A;—;)) = [ G(Nj¢(As—r,€))de. We normalize

the mean of ¢ such that [ Eéﬂ'(&:)dE = 1, in which case we have

1 el o
G(Nji(Ar—r)) = A (1 = 6)" Xji 7 Ljt[€ + (1 = §) N, 71
Now sum over vintages 7 get
el o
G(Njt) = Ly[€ + (1 - Z = 0)" Xjt—r = Lj[§ + (1 = N7, |77 Kje, (C8)

=1

where Kj; = > 70 | A T(l —0)" Xjt—r is the aggregate efficiency units of capital.

Now let’s aggregate output Yj;(A;—-,¢€) across vintages. We have

Yit(Ar—r,€) = [(Are) @ Ky(Ar—r, €)]*[(Arre) 3 Ky (Ar—r,€) Ljsl€ + (1 — §Ngj; Jeer)ie

p—1

= (Are) K (A ) (Lle + (1 — ©)N 5, J5T)170,
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Only the first term depends on (A;—_;, ¢). Integrating over € as above gives

p—1

L e 1o \1—«
Yie(Arr) = A (1= )7 Xjor (L€ + (1= ©Ng7, [571)170
Summing over vintages gives
Yje = Kj(Lp[6 + (1 = §)Ngg, [#77)' 7.

Now, write this as

=1

Yje = KK (L€ + (1= )Ny, [977)1 7% = KRG(Ny)' 2,

p—1

where the last line uses that G(Nj;) = Lj[€ + (1 — §)NE]%K]¢ from above.

Equivalence of Labor Allocations. Hence, we’ve shown that an aggregate production function
exists in terms of the aggregate efficiency units of capital Kj; and the labor aggregate G(IN;). The

last step that we need is to show that the labor aggregate G(Nj;) is equal to

2}
©

=1 el 2o ¢—1 [ ¢-1
G(Nj;) = [gNth 2 +(1—5)NH§t]*’ " where Nj; = [Zzi(Nijf )] :
i€l

This result follows from the derivation of the results above. To see why, start the bottom nest
defining Ngj;. The steps above show that Njji(Ai—r,e) = ngje X (At_Ts)éKjt(At_T,a) for some

constant n; which is independent of A;_re. Plugging this into group-level Neji(Ai—r,€) gives

_¢ _$_
Neji(Ai—7,€) = lzzi(Nijt(At—T,g)(%l)] ¢ = (At—rg)éKjt(At—Taf‘:) [Z Zi(n:;{)] d) .

i€le i€l

Aggregating this across types € and vintages 7 gives

Nejt = Z/Nejt(At—ﬂE)dg

¢
—1 p—1

o1 7 1 1
— Zzi(nijt @ ) Z/(AtTE)QKjt(AtTae) = Zzi(nijt @ ) Kjt- (Cg)

i€le i€l

From the adding up constraint, we have

Nije = Z/Nijt(At—r,E)dé?
j €
= Z/nijt X (At,Tcﬁj)éKjt(At,T,S)dE = nijt Z/(At.,-&)fllKjt(AtT,E)d& = nijtKijt.
. € T €

Hence, Njji = ni;i Kij¢. Plugging this in to (C9) gives
_o _o _o
o—1 ¢—1 o—1 ¢—1 =1 ¢o—1
Nejt = [Z%(”iﬁ )] Kji = [Zzi(nijtKijt) ¢ ] = [Z%(Nijf )] ;
i€le i€le i€le
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yielding the bottom nest of the CES. To derive the top nest defining G(N ), aggregate (C7) to get
Nth(At—T,€) = (At—ref)éKjt(At—mE)th — Z/ENth(At—r7€) = thZ/E(At—Tg);Kjt(At—ﬁE)
= Nipjit = LjtKjz.
Similarly, aggregate (C5) to get
Nujt(Ai—r,€) = NgjtNpjt(Ai—r,6) = Z/ENHjt(At—ﬂE) = NEjtZ/aNth(At—ﬂg)
T T
= Npgjt = NgjtNrj:.

Plugging these two results into our aggregated labor input G(Nj;) from (C8) gives

p=11 %1

(N, = Lt {5 L {)NE}} } -1 Ky — G(N) = Nijt [g +(1-9¢ (NHN> “’] Kt

Kt Nrjt

e-1 =17 %1
— G(th) = |:£ L]t (]- - é)NH?t :| )
which is what we wanted to show.

C.2 Solving the Firm Problem

We now embed the putty-putty production structure derived above into the dynamic profit maxi-
mization problem of the firm. Recall that the derivation above resulted in the following production
function and law of motion for efficiency units of capital

Yji = KQG(N' )7 = F(Kji,Nj)

1

GIN;) = [EN +(1— Ny, |7

[
¢—1 | =1
E ¢>
e]t - Zz ijt

’LGI&

Kj1=(1-0)K t+A Xt

where N; denotes the vector of all types of workers employed at firm j and recall that A; = (1+g4)".
In addition, we assume that there are adjustment costs to changing the efficiency units of capital.

In particular, Xj; units of investment incurs the following costs, in units of output:
2

1
AP Xt K.,
jts

K

Y

5 — (64 9K)

where gx is the growth rate of efficiency units of capital along the BGP (to be derived below) and
the parameter ¢; = (1 + g¢)'¢ grows at rate 1+ g, = (1 + gA)fi. This growth rate g- < 0 ensures
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that the product (;K;; grows at the rate of physical output, rather than efficiency units of capital,

which we show below is necessary for balanced growth.

C.2.1 Setting Up the Firm Problem

We solve the firm’s problem using the same approach as in our putty-clay model. It will be conve-
nient to have the firm choose per capita employment rates n;;; rather than aggregate employment
Nijt = pin;j: because the per-capita employment rate enters the household’s participation con-

straint. The firm’s objective function is

. _ CrXio 2
F(Kjo,Njo) + zi:MifijOWiO - zi:,uil“%oaijo — Xjo — 5 [Kjo —(0+ gK)} K;
o0 1
G AP X 2
+Z Qo,t [F(Kjta th)—z 1i (Ap (ijt—1) aije—1 Wije +Riraije) — X _f(T_(é + gK)) Kjt]a
=1 p j

where we have normalized Ag = 1. Here, we’ve separated out decisions in the initial period ¢t = 0
from the remaining period because firms have the ability to fire workers only in that period. N 0
denotes the measure of workers used in production after firing, i.e. ]Vijo = pi(nijo — fijo), where
n;jo is the per-capita number of workers at the beginning of the period. /VIZO denotes the present
value of wage payments promised to those initially employed workers, taking into account both any
policy changes and the changes in prices Qo ;. Hence, firing f;jo workers has the cost of giving up
production today and in the future, because it affects the law of motion for employment as we’ll
see below. On the other hand, firing f;;o workers has the benefit of saving on wage payments.

This problem is subject to the constraints (with associated Lagrange multipliers):

nij1t < (1 —=o)(nijo — fijo) + Ar(ijo)aijo  (XQo1pivij1)
fijo =0 (X‘S@'fjo)

Nijir1 < (1= o)ngje + Ap(0ije)aije  (Qoi+144iVijt+1)
Wi
Qt,t+1 w(03j¢)

Wijit1 > Witr (X Qo t+11ipiji+1)

Wiji+1 + Vijig1 > (X Qo141 14 Yijt+1)

1
Kji1 < (1=0)Kj + A Xji (xQo,qjt)-

It is important to remember that, in the participation constraint Wij;41 + Vijiy1 > #ﬁi(%ﬂ’
the present value of disutilities V;;;+1 depends on the firm’s choices of n;j;. As in the main text, we

will collect common terms following Marcet and Marimon (2019), which summarizes the multipliers
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on those terms with the auxiliary variable M;j;+1 = (1 — 0)M;j: + Viji+1. The Lagrangian becomes

S (o _

o~ —_~ 2
F(Kjo,Njo) + E i fijoWio — E Likiotijo — Xjo — = 7 (6 +9K)) " Kjo + fz-fjofz‘jo
1 1

2
+ qjo[(1 = 8)Kjo + Xjo — Kj1] + Qo,1pivigt [(1 — o) (nijo — fijo) + Ap(650)aijo — nij |

F(Kj, Nj) — Z 1 [Ap(0ije—1)aije—1 Wije + Kiraije] — X
;

1
© Ct Ata th

e Tl
t=1

+ Qa1 pitijer1 [(1 — o) + A (i) aije — nijes1] + Qearapipijeer (Wijte1 — Wega)

2 1
— (5+9K)} Kt + qjt[(l —0)Kj + Ap Xy — Kjt+1]

€=

oo
Unit+1 (Mijt+1
+ZQO¢+1 [,uz‘Mz’th Ulias (£>

W,
U + Wi%Yijt+1 (Wijt—i-l - —2)}
pard cit+1 \ Mit+1

Qt,t+1 w(0ij¢)

C.2.2 First-Order Conditions

We now take first order conditions of this problem. Note that there is no “utilization block” in the

putty-putty model, so we only have the hiring block and investment block.

Hiring Block. The first order condition for employment n;41 for ¢ > 0 is

Unit+1 1 nijegry 11 1

—Qo,t+11iViji+1 + Qo411 i (Kjer1, Njig1) + Qo114 Mije41

Ucit+1 w * ngy1 Nijt+1
+ Qo,t42pi(1 — 0)vijeyo =0,
OF(K¢,N; OF (K ;¢,N; OF (K ;1,N1) ON;; L
where Fj(Kj;,Nj;) = W so that %ﬁ;t it) — (8]{,th it) 87”]]; = 1; F; (K, Nji). Simplify-

ing the FOC above gives

Unit+1 1 nijegry -1 1

Vijt+1 = Fi(Kjiv1, Njev1) + Mijea + Qty144+2(1 — 0)vijey2.  (C10)

Ucit+1 W * Nit41 Tit4+1
This equation is similar to the corresponding FOC in the putty-clay model except that the fu;;:41
in the putty-clay model is replaced with the marginal product F;(Kji+1,Nj¢y1). The first-order
conditions for vacancy posting a;;¢, market tightness 0;;;, and wages W;j;11 are the same as in the
putty-clay model since none of those variables interact with the production function.
The first-order condition for the first period firing f;;o is
— i F (Ko, 1QTjo) + .Ui/WijO — Qoapi(1 —o)vijr + /J’ingjo =0,

. OF(K;0,Nj0) _ 0F(K;o,Njo) ONijo = .
which uses that 8}20 U 8]%;;0 20 8fi;(§] = —u; F;(Kjo, Njo), or, equivalently,
Fi(Kj07 Njo) + Qo,l(l — U)Vijl Z /Wijo, with equality if f’ijO > 0. (C]_l)
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This expression is also similar to the corresponding FOC in the putty-clay model except that the

initial x;jo is replaced with the marginal product F;j(Kjo, Njo).

Investment Block. The first-order condition for investment Xj; is

1 1

A%, ot . A%, .
—Qo,t [1+Ct(T‘t—(5+gK))A{‘] +Qo,tAf gt =0 = Afq = [1+Ct(T.t—(5+gK))At“]~
j j
(C12)
The first-order condition for capital Kj;41 is
1
AE X‘t+1 2
Qo,t+1F % (Kjt11, Njig1) — Qoqit + Qoe41(1 — 8)gjer1 — Qoit1 Cf;l ( t}}l ]1 — (0 +gxK))
jt+
1 1
A X Ap X
+ DL (54 gje)) S g
Qo,t4+1Ge+1 ( Ky (6 + 9K)) Kyt
Rearranging this expression gives
1
Af X 2
Fi(Kjt41, Nje1 — Ct; t}_{lA ]1 — (64 9K))
t+
gt = Q41 1 ! i . (C13)
A X Afp X
Gy (FEEIEL (54 gge)) LI L (1 )
G ( Koot (6 +9K)) Kot ( )4jt+1

In the special case with no adjustment costs (; = 0, solving this equation forward gives

s
L=A7 Y Quutr (1= 0 [Fr(Kjirr, Njr i)

=1
analogously to our “zero-profit” condition for the optimal capital type in the putty-clay model
except that the RHS involves the marginal product of capital in F'. By Euler’s theorem, the latter

is related to output net of labor costs yielding a similar expression to that in the putty-clay model.

Other Conditions. The only other condition to change in the putty-putty model is the market

clearing condition for output. In a symmetric equilibrium, this condition is

Gt

1
ArX
Vi = F(K,Ny) =Y picie + »_ pakiaeais + X + 2 (L=

i 5

K

) ~(0+gx)) Ke.

This condition differs from its analog in the putty-clay model in two ways. First, aggregate output
is given by the production function F'(Ky, N;) rather than an aggregation of capital types. Second,

adjustment costs are taken out of output. Note that adjustment costs are zero along the BGP.
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Summary. We summarize the conditions that differ from the putty-clay model below. In this

system, we impose a symmetric equilibrium, allowing us to drop the j subscripts:

1 U,; 1
Vitr1 = Fi (K41, Npyr) + Mit—l—l*ili + Qit1t42(1 — 0) ity (C14)
w Ucit+1 Nit+1
/V[Z‘() §Fi(K0,N0) + Qo.1(1 — o)vi1, with equality if fio > 0 (C15)
1

1 Ac X 1

Af g = [L+ QT = 0+ i) A7 ] (C16)
J
1
A Xy
By (K11, Ney1) — CtQH ( t}}l 1t+ ~ (0 +gK))?
a = Qtt+1 N " N (C17)
Ap X Ay X
_ 1_
+ G ( Kinn (6 + 9K)) Koot + (1 = 6)qr+1
1
Ky =(1-0)K:+ Ar Xy (C18)
Y, = F(K;, Ny) (C19)
1
G AP Xy 2

Y = ;Hwit + ;#mz'tait + X + 5( th — (64 gk)) K. (C20)

C.2.3 Detrending

We now detrend the model relative to its BGP; tildes denote detrended variables. We show that:

The following variables grow at rate 1 + g = (1 + gA)ﬁ: vit, Xt, Y: (in addition to all the
other variables from the putty-clay model which we already showed grow at that rate). We

will sometimes refer to this growth rate g as the growth rate of “physical units.”

The efficiency units of capital K; grows at rate 1 + gx = (1 + g)é We will sometimes refer
to this as the growth rate of “efficiency units.” Note that gx > g.

1

The adjustment cost parameter (; shrinks at rate 1+ g- = (1 + gA)*é =(1+g) = .

1
The same variables are stationary as in the putty-clay model. In addition, A;* ¢;; is stationary.

Capital Accumulation Equation. To see where how the growth rate of efficiency units is

related to the growth rate of physical units, detrend the capital accumulation equation (C18):

(14 gx) T Kor = (1= 8)(1+ gre) Ko + [(1+ 94)1]= (1 + 9)' X,

= (1+g1)  Kern = (1— 0)((1+ gx) e + [(1+9) )] (1 + 9)' X,

— (14 gx)"  Ker = (1= 0)((1+ g5) Ky + (1 +9)%)' Xy = (1= 0)((1+ gx) K + (1 + g5)' Xy

— (1 + gK).f(tH = (1 — (S)f(it + Xt.
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The growth rate of efficiency units is gx > ¢ as it is driven by the growth in the physical amount

of investment, which occurs at rate g, and in vintage productivity, which occurs at rate (1 + gA)é.

Production Function. Next, detrend the aggregate production function (C19):

Y = KGN = (14 )Y, = [(1 + gx) T KPG(N,)
— (14 9)'V; = 1+ g/'KFG(NY)' ™ = Y, = KFG(N,)' ™,

1

Even though efficiency units are growing at the rate (1+gx) = (14+g)= > 1+ g, output still grows

at rate 1 4+ g because capital is raised to the power « in the production function.

Hiring Block. To detrend (C14), note that the marginal product of labor grows at rate g so

Fi(K;, Ny) = ((1+ gx) Ki)* (1 = a)G(N,) " *Gi(Ny) = [(1+ g5) ") Ko (1 = )G (N,) " Gi(Ny)

= Fi(K,No) = (1+9)' K (1= )G(Ng) ""Gi(Ny) = (14 9)'Fy(), Ny).
Using this result and the functional form of the utility function, we can detrend (C14):

~ ~ M; 1 UI Nit+1 ~
(1+9) " i1 = (1+9)" T Fy (K41, NtH)_Z?F(HQ)HIW‘FQHMHO — ) (14+9) 2 Tisn
it+
~ it M, 1 U/ Nit+4+1 ~
= Vi1 = Fi(Ki11, Nyqq) — ZJFW + Qey1,4+2(1 — o) (1 + g)Vitt2-
it+

Since variables in period ¢t = 0 require no adjustments, the firing condition in detrended terms is

Fy(Ko,No) 4 Qo1 (1 — o) (1 + g)Tin > Wio, with equality if fio > 0.

Investment Block. We now turn to the first order condition for investment (C16). Define gj; =
1

Af qjt- As described in the beginning of this section, it turns out that this variable will be stationary.

In this case, detrending the first order condition for investment (C16) gives

1
1 A X 1
Afgr =1+ Ct(i}(.t” — (6 + gK)) AP
J

(14 94)2] (L +9)' X,
(14 gk )" Ky

~

= G =1+ (1+g)"¢(

— (64 9x)[(1 +ga)a]’

Xy

1

(1+ga)>(1+y9)
(1+9k)

t ~
§—<6+9K>>=1+<(

(5+9K))-

= G =1+[(1+g0)(1+ga)=]'C <

The last equality follows for two reasons. First, 14g¢ = (1—|—g,4)_é so that (1—|—g<)(1—|—g,4)% =1, that
1
is, the shrinking adjustment cost parameter (; offsets the increasing efficiency units A;. Second,

1
L+gx=(1+g)" =(1+g)(1+g) = =(1+g)(1+ga)a, which implies that FL2ULD) — 7.
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1
We now turn to the definition of g;; in (C17) Multiply by A to get an expression for gj;:

1
Ap X 2
@t = Quiv1 [Fr (K1, Nyj1) — St (— — (0 +9xK))
2 Kit1
1 1
Al X A X
— — () + 1-9
+ G ( Kot (64 gk)) Kot +( )+1]
1 1
1 1 Ae Ap o X 2
— A7 = Qo [AF FulFipr, Nugy) = 205 (BT (54 )
t+1
1 1
1 Ag XtJr]_ A2 Xt+1 1
AP G (FEE——— (¢ T L (1-0)A7
+ A G ( Koot (6 +9K)) Kot + ( AL qeg1]
1
A

1 1
Al Gt (Aﬁ1Xt+1

— (0 +gr))*
5 K (0 + gx))

1 1
= Afq = Quiy1(—— )“[AtHFk(KHhNtH)

At
1 1

1 A XtJrl A2 Xt+1 1

+ Af G (7t}r(1t+1 —(6+ gK)) 7t+K1t+1 + (1 - 5)Af+1Qt+1]
1 1

Al G AR X

— (0 +gr))’
5 K (0 + gx))

_1 1
= G = Qrer1(1+9a) * [Af 1 Fre(Ki1, Nega) —

1 1
A1 X Ap

1
+Ato‘+1§t+1( Kt+1 — ((5+gK))L

1 AZX X
Above, we showed that A7 (1 = ¢ and that — 1 X . Plugging those results in gives
1 Ky

~ X X, X N
Gt = Qrp1(149a) [At+1Fk(Kt+1a Nijp1)— g( a= ((5+9K))2+C( A —(6+9K)) am +(1=8)qp41] -
K1 t+1 t+1

We are left with detrending the marginal product term At 1 Fr (K y1, Nig1), which becomes

K41, Nipq) = OéA K} G(Nyp)' e

t+1 t+17 2 t+1

= At+1F K41, Nep1) = af(1+ ga) =] (1 + gr) 1o LK G(Npg )

1—a
— At+1F K1, Niy) (149 ]HlaKféﬂlG(NtH)l_a

Il
—
-
+
Q
S~—

Fi(
(
_ 1 a—1 t+1 a—1 11—«
— At+1F (Kit1,Neg1) = [(1 4+ ga)a (1 + gx)* ) a K5 G(N)
(
(

- At—l—le K1, Nep1) = oK G(Nya )™ = Fy(Kiy1, Niesa).

The second to last line uses that 1 + g4 = (1+¢)' " and 1 + gx = (1 + g)é We thus obtain

_1 ~ X 9 X X,
@t = Ques1(1+ga) ® [Fk(KHlaNHl)_g( T (0+gK)) " (EE - (0+gx)) =
K t+1 t+1

+(1=6)qs41]-
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Production Function. Detrending the production function (C19) gives

Y = F(Ky, Ny) = KEG(IN)T = (14 )Y, = [(1 4 gk ) K ]“G(Ny)

— (149)"V; = (14 9)'K{G(N)' ™ = V; = K{G(Ny)'™* = F(K;, Ny).

The second to last line uses the fact that (14 gx) = (14 g)°.

Output Market Clearing. Finally, we turn to the output market clearing condition (C20):

Z HicCit + Z pikitag + X¢ + = G4 ( Kt (5 + gK))QKt

¢ Xy

= (1+9)"Yi=1+ 9" mtut+1+9)"> pirian+1+ )" Xy + (1 + got(? — (04 9r)) (1 + gr) Ky

2

i i t

= (1+9)Yi=(1+g) Zmaﬂr(l +9) meaw(l + )" X+ [(1+ge)(1+ gK)]tC(K — (0 +9K)) Ky

t

= (14 9)"Yi=(1+9)" Y picu+ (1+9)" > mirian + (1+9)' X, + (1 + g)tC(K — (6 +9K))° K
i i t

g(; — (0 +gK)) Ky

= Y;ﬁ Z Nzczt + Z HikiQit + Xt +
i i t

Q |~

The second to last line uses the fact that (14 g¢)(1+gx) = (1 —l—gA)_é(l +9)(1+ga)a =(1+g).

D Data Appendix

This appendix contains details about our data sources and targeted moments. We use data from
the pooled 2017-2019 American Community Survey (ACS).3® Our sample includes all individuals
aged 16 and over. All observations are weighted using the weights provided by the ACS.

Share of College Workers. We define college individuals as those individuals who report having
a bachelor’s degree or higher. During the 2017-2019 period, 31.3% of our sample had at least a

bachelor’s degree.

Employment Rates. We focus on full-time employment and on workers strongly attached to
the labor force. We define individuals as being full-time employed if 1) they are currently working
at least 30 hours per week; 2) they reported working at least 29 weeks during the prior year; and 3)
they reported positive labor earnings during the prior 12 month period. For our 2017-2019 sample,
46.8% of non-college individuals and 62.4% of college individuals worked full time.

30We downloaded the data directly from https://usa.ipums.org/usa/.
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Share of Income Earned by College Workers. For the 2017-2019 period, 37.8% of indi-
viduals working full time were college educated. Conditional on being full-time employed, mean
annual earnings for college individuals total $91,706, whereas mean annual earnings for non-college
individuals total $44,871. Given these statistics, we calculate that 55.5% of all earnings of full-time

workers accrued to workers with at least a bachelor’s degree.

TABLE 1: Average Wages by Education Group in ACS Data

Less than High School High School Some College College
Average wage $16.6 $19.6 $21 $37.4
Notes: Average wages of full-time workers by education group in ACS data.

Wage Distributions. We calculate hourly wages for our sample of full-time workers by dividing
annual labor earning by annual hours worked. We determine annual hours worked as the product
of weeks worked last year and reported usual hours worked. We impose two additional sample
restrictions when measuring the wage distribution. First, we restrict the sample to only those
workers who report at least $5,000 of labor earnings during the prior year. Second, we truncate the
resulting distribution of hourly wages of each education group at the top and bottom 1%. All wages
are converted to 2019 dollars using the June CPI-U. From these data, we compute the median wage
and standard deviation of wages for each education group as well as the ratios of wages between the
10th percentile and the median for each of the education groups. These moments are used as part
of our parameterization strategy. We also show that even though only those moments are targeted
for each education group, our model matches the full distribution of wages for each education group
quite closely. The heterogeneity of wages within education groups swamps the heterogeneity across
education groups, motivating our choice to primarily focus on within-group heterogeneity. Related
to this choice, Table 1 shows that the average wage of each education group is higher than $15 per
hour. Hence, modeling within-group heterogeneity is necessary for even a high minimum wage to

be binding for any worker.

E Validating Use of Long-Run Elasticity Estimates

We now provide the details about how we replicate Card and Lemieux (2001)’s estimation strategy
in our model. As explained in the main text, Card and Lemieux (2001) exploit within-education-
group variation in employment rates by age, which they identify as a skill level, z;. We replicate
this variation through exogenous changes in the measure of families, u;;. Section E.1 shows how we
extend our model to incorporate time-varying measures of families. Section E.2 then explains how we

choose the specific path of u;; to mimic the empirical variation utilized by Card and Lemieux (2001).
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Finally, Section E.3 shows the results of this exercise and explains why this procedure recovers a
value for the long-run elasticity of substitution among workers very close to that estimated by Card

and Lemieux (2001).

E.1 Model Extension

We model changes in the measure of families, p, as a one time unanticipated shock after which
agents in the model have perfect foresight. Specifically, the economy starts at an initial BGP with
measures [;, and at time ¢ = 0 agents learn about a new path of measures {p;;} over time that
converge to a new constant level ;1] at some point 7" in the future. To proceed, we must first specify
the objective function of a type-i family now that the measure of the family changes over time. We

assume the family maximizes

o0
> B pali(cit, it sit),
=0

where ¢, n;t, and s;; are per-capita variables. This “utilitarian” utility function captures the average
utility of each household member and weighs each member equally. In our numerical experiments,
the path of u; is such that there are new members of the family available to work in each period.
We assume that each of these new family members’ initial labor market state is unemployment.
Hence, they must search for a period before they can be hired by a firm. Therefore, the law of

motion for employment of family ¢ at firm j is
Pit+1Mijir1 = (1 — o) paenije + Ao (Gije) i Sije,

where n;j; and s;j; correspond to per-capita variables as in the baseline model. In our baseline,
Wit+1 = Mgt so this equation reduces to niji41 = (1 — 0)nije + Aw(0ije) Sije-

In per-capita terms, the budget constraint is now
Z QO tHitCit > < 40 (C’LPO + ]I + Z QO tbit—1 Z )\ zgt 1 SZ]t 1W1]t7

where, as before, (;Pg is the per-capita share of family ¢ in the present value of firm’s profits and I;
is the per-capita present value of wages promised to initial workers. Putting all this together, the

household’s utility maximization problem is

oo
max ZﬁtuitUt(Cit,nit,Sit)

Cit:SijtMijit1 =
st pitr1nijie1 = (1 — o) paenije + Ao (0ije) it Sije

Z QO tHitCit < Hi0 (C’LPO + ]I + Z QO thhit—1 Z )\ th 1 Szyt IW’L]t
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It turns out that this utility maximization problem leads to equilibrium conditions that naturally
extend those of our baseline model, with the constant measure of each family u; from the baseline

replaced by the time-varying measure u;;. Results are available upon request.

E.2 Mimicking the Variation in Card and Lemieux (2001)

Card and Lemieux (2001) estimate the elasticity of substitution ¢ using residual variation in em-
ployment rates across different groups of workers within a given education group. A key assumption
is that this residual variation reflects changes in labor supply. In this spirit, we mimic their vari-
ation by assuming that the measure of each family 4, u;, changes over time as denoted by u;: in
a way consistent with their data. Card and Lemieux (2001) identify z; by assuming that, within
an education group, all workers within a 5-year age group share the same z;. In their published

paper, Card and Lemieux (2001) report the time series of the ratios of college to non-college em-

]]\\[,7;1: for each age group j, but not the employment rates of each group N;p; and
J

ployment rates
Njr+ separately. We therefore proceed in two steps. First, we use additional assumptions to infer

Nime
Njrt

the time-series variation in Njg¢ and N from what Card and Lemieux (2001) report about
in the data. Second, we then back out the variation in the measures of families u;; which replicates

this variation in employment rates within our model.

Mimicking the Employment Rate Variation in Card and Lemieux (2001). Let zj =

%IZ: denote the ratio of college to non-college employment for age group j reported by Card and
J

Lemieux (2001).3! Card and Lemieux (2001) classify workers into N = 6 different age groups, which
we assume correspond to different within-education group skill levels z. ; in our model so that the
youngest group corresponds to z. 1, the next youngest group corresponds to to 2.2, and so on. The
sample used by Card and Lemieux (2001) covers the period between 1960 and 1995. The spirit
of our modeling exercise will be that the measures of families change over this 35-year sample,
at which point they remain constant and the economy settles into a new BGP. We will further
assume that this new BGP corresponds to the steady state of our model. Hence, we will choose the
time path of the measures of families u;; such that the percentage change in the model-generated
employment series relative to the final BGP corresponds to Card and Lemieux (2001)’s variation

relative to the end of their sample.’? We construct the percentage changes in the employment

3n particular, Figure IV in Card and Lemieux (2001) reports cohort fixed effects, which capture 98% of the
time-series variation in the employment ratios z;;—intuitively, because college attainment decisions are made before
workers enter the labor force. We back out the time-series variation in xj; from these cohort effects. Since Card and
Lemieux (2001) effectively report z;: for 5-year intervals, we log-linearly interpolate between these points.

32The last year of the model’s 35-year sample does not exactly equal the new BGP as it takes time for the economy
to converge to the new BGP once the measures of families stop changing. Yet, we find that the two points are close.
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series Nz and N;p; in the following way. First, we construct a time series of our targeted ratios
zjt = Njmi/Njre relative to their 1995 endpoint in Card and Lemieux (2001)’s sample. Second, in
order to separately construct the levels of N;r; and N, we will bring in additional information
about the total employment of all workers in age group j, denoted aj;; = Njr; + N Given a
value of aj; and the ratio x;;, we can solve for Njrs = aji/(1 + xj¢) and Njpe = xjia5/(1 4+ xj).
To compute the time series of aj; for each age group j, we assume that the terminal value a;r
equals its value on the BGP of our model, determine an initial value ajo from the 1960 Census data

described in Appendix D, and assume that a;; grows at a constant rate over the sample.

Backing Out Variation in Measures of Families. Equipped with the resulting series of
employment rates N;; for each worker type ¢ = (e, z), our second step consists of determining
the measure of families p;; in our model such that the model’s equilibrium employment series
Nt = pyng matches the data (recall that ny is the per-capita employment rate of family of type
i in t). In principle, this step requires solving a complicated fixed-point problem. Namely, for any
candidate path of measures pu;;, we must solve for the equilibrium of the model, derive the implied
path of aggregate employment series IN;¢, check if it matches the empirical path, and if not, update
the guess of each u;:. Computationally, this procedure is prohibitively costly because it requires
solving for the entire transition path for each candidate ;.

Instead, we compute the path of measures p; from a simpler approach that approximately
matches the path of N;; from the data. In this exercise, we assume that the economy is initially
along some BGP with measures p;9, where we choose ;o to match the initial values of Ny from
the data described above. At date ¢ = 0, all agents unexpectedly learn about a new exogenous
path of measures p;; from ¢ = 0 to a final point 35 years later, after which these measures remain
constant. As described above, we assume that these final measures p;7 correspond to the BGP of our
quantitative model from Section 5. In order to construct the time path of measures in between these
two points, we compute the path of u; which solves the approximate relationship Ngata = pugn;,
where n; is the per-capita employment rate for each family ¢ in the final BGP. This relationship is
an approximation because per-capital employment rates n;; may endogenously change over time in

equilibrium in response to the changes in measures fi;;.

E.3 Results

Given the variation described, we construct an estimator for the long-run elasticity of substitution
¢ following an established approach in the literature. In particular, suppose — like the majority

of the literature which estimates this elasticity — that we interpret the data through the lens of

44



a static CES production function G(IN) under perfect labor market competition, and accordingly
construct the natural estimator gg of ¢. Our question now is: How biased would that estimator be

if the true data-generating process were our model? We set to address this question next.

Estimator. To motivate the estimator we use, note first that under the assumption of a static

and competitive labor market, the ratios of wages of workers with different skills equal the ratios

_1
Wi % <Ni > ¢
wj  zj \NVj

Under the CES form for G(N), the ratio of marginal products depends on the ratio of employment

of their marginal products,

rates as well as the ratio of skill levels z;/z;. Since these skill levels are constant over time, taking

log-differences over time of the above condition gives

Wit 1 Ni )
Alo =——Alo . E1l
g <wjt) so%s (Nj (E1)

Intuitively, we can use variation in labor supply to trace out firms’ labor demand schedule, which

depends on ¢. We obtain an estimate of ¢ by estimating (E1) through a simple linear regression

Wit and Nit

in our
wjt th

using our model-simulated data constructed above. To construct the ratios

model, we choose the middle skill level jo = N/2 to be in the denominator, and then compute ZE—J/TS
€,30

for all j' # jo and e € {L, H}. Following Card and Lemieux (2001), for each of these ratios, we

compute 5-year time differences except for the first observation, which is a 10-year difference. We

then run the unweighted regression across each group and time period.

Results. Table E.1 illustrates the results of this exercise. The first column displays the true value
of ¢ = 4. The second column shows that our estimator leads to an estimate gg = 3.94 of ¢, very
close to the true value. We conclude from this exercise that the estimates of the long-run elasticity
of substitution in the literature provide appropriate discipline to pin down the value of ¢ in our
model as well. The last column of the table shows that by estimating ¢ using a long difference
between the final BGP and the initial BGP, we recover almost exactly the true value. The only
slight difference stems from the presence of search frictions which, as noted in the main text, do
not vary meaningfully across workers with different productivity. As noted in the main text, the
estimator may not perform well in our model due to the existence of the putty-clay frictions. Because
of these frictions, the 5-year time differences employed by Card and Lemieux (2001) reflects not
only the true long-run substitution possibilities among workers assigned to new capital but also
the employment ratios required to operate existing capital. Since these old employment ratios are

rigid, taking them into account would bias the estimator 5 downward relative to the true value of ¢.
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TABLE E.1: Estimation Strategy for Long-Run Elasticity ¢ in Literature

True value

Card and Lemieux (2001) Variation

Comparing BGPs Only

$—4

é =394

¢ =3.99

Notes: Results from simulating the model for the time path of measures of families u;; as described in text.
True value reports the value of the long-run elasticity of substitution across workers ¢ = 4 used to simulate the
model. Card and Lemieuz (2001) Variation reports the estimate ¢ from the regression in (E1) using 5-year time
differences, with the exception of the first observation which is a 10-year difference. “Comparing BGPs Only”
reports the estimator ¢ from (E1) using a long difference between the new BGP and the initial BGP.

F1cGURE E.1: Variation in Employment and Wage Ratios for Estimating Elasticities
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Notes: Time path of employment ratios and wage ratios for individual non-college worker types for variation in
measures of families p;¢. Employment ratios are NL,]-/t/NL,jOt where Ny, ;1w = pup jreng, jie and N jot = UL jot ML, jot
are the total measures of workers of that type and jo = N/3 is the base type, as described in the text. Wage ratios

are similarly defined as wr, j/+/wr jot, where wy, jrx and wr jo¢ are average wages among employed workers.

From this perspective, it may be surprising that our estimator does so well, despite the importance
of putty-clay frictions in determining the slow response of the economy to changes in policy.

As argued in the main text, we interpret this finding as implying that putty-clay frictions are
less important in shaping the value of ¢ that we recover than in shaping the response of the economy
to, say, changes in the minimum wage. Figure E.1 further illustrates this logic. The two panels in
the figure illustrate the wage and employment ratios for two non-college worker types j' relative
to the base type jo over the entire transition path. For both types of workers, the log-change in

their employment ratios is approximately equal to —¢ = —4 times the log-change in their wage

ratios by (E1). Firms’ adjustment of these ratios is smooth because the underlying variation in the
measures of families is itself smooth, and firms can predict it starting at ¢t = 0.3 In contrast, the

policy experiments analyzed in the main text involve an immediate and unexpected jump in policy.

33Consistent with this predictability, the adjustment of employment ratios relative to wage ratios is farthest from
¢ in the early stages of the transition.
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F Additional Quantitative Results

This Appendix contains additional quantitative results about the minimum wage.

F.1 Sensitivity of Labor Income Dynamics to Firm Monopsony Power

Figure F.1 shows how the present value of labor income varies with firm monopsony power. We
decrease the degree of monopsony power by choosing w to target a smaller markdown of 0.85
rather than 0.75 as in our baseline. This change barely affects the present value of the lowest-wage
workers because both their short-run gains—their wages nearly double—and their long-run losses—
substantial declines in their employment rates—are similar in both parameterizations. However, for
workers who were initially earning close to the minimum wage policy, the benefits of the minimum

wage are smaller because the monopsony distortion they face is smaller and fixing it is less valuable.

F1GURE F.1: Sensitivity of Labor Income Dynamics to Monopsony Power

Present value of labor income

50 -

40

30

20 -

10 [{==—=Markdown = 0.75 (Baseline)| 7" -
—==Markdown = 0.85

Pct. deviation from initial BGP

T | | J
8 10 12 14 16 18 20
Initial wage wp.

Notes: Change in the present value of labor income for all non-college workers in our baseline model and under
an alternative parameterization in which we choose w to match an average wage markdown of 0.85.

F.2 TImpact of Minimum Wage Changes on College Workers

In the main text, we focused on how labor market policies affected employment and labor earnings
of non-college workers. These workers are most likely to be effected by the labor market policies we
studied. In this subsection, we show how minimum wage changes of various sizes would affect non-
college workers. Appendix Figure F.2 plots the transition paths of aggregate college employment
and labor income following the introduction of our three illustrative minimum wages. The small
minimum wage has almost no effect on college employment and labor income because it is not
binding for nearly all college workers. The medium minium wage has a very small positive effect
on college employment and income because it reduces the monopsony distortion of a few low
productivity college workers. Finally, the large minimum wage has a slightly negative effect on

college employment for two reasons. First, the large minimum wage now binds on some lower
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productivity college workers. Second, the large reduction in non-college employment also reduces

the marginal product of college workers because they are complementary in production.

FiGURE F.2: Dynamic Effects of the Minimum Wage for College Workers
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Notes: Transition paths of aggregate college employment (left panel) and labor income (right panel) following the
introduction of the minimum wage. Employment is expressed in percentage deviation from the initial BGP. Labor

income, net of trend growth (14 g)?, is expressed relative to the initial BGP.

F.3 Additional Robustness Exercises

Figure 10 in the main paper showed the robustness of the speed of transition to the new BGP when
we change various parameters. In this subsection of the appendix we show how those parameters
affect long rung changes in aggregate employment for non-college workers in response to a $15
minimum wage. Specifically, Appendix Figure F.3 plots our sensitivity analysis from Figure 10 of
the main paper in terms of percentage deviations from the initial BGP rather than percentage of
the total long run change. In this space, we can better assess the long-run effects of the various
parameterizations. For example, the parameterization with less monopsony power (i.e. higher w)

leads to a larger long-run decline in non-college employment.
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FIGURE F.3: Sensitivity Analysis to $15 Minimum Wage for Non-College Employment
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Notes: Transition paths of non-college employment expressed as the percentage deviation from the original BGP.
“Baseline” corresponds to the model shown in Figure 7. “Higher w™'” corresponds to a degree of monopsony power
-1

of w™" = 1/6 that produces an 85% markdown. “Higher ¢” corresponds to a long-run elasticity of substitution

within education groups of ¢ = 4.5. “Lower o.” corresponds to a standard deviation of idiosyncratic capital
productivity of o. = 0.01 that generates a steady-state capacity utilization rate of 97%. “Higher §” sets the
depreciation rate to § = 20% annually. “Lower g” corresponds to a trend growth rate of g = 1%. “Higher o” sets
the job-destruction rate to o = 3.5% monthly. “Higher x” increases the baseline vacancy-posting cost ko by 2.5

times, which approximately doubles average hiring costs x;/A;(6;) to 125% of average monthly wage.
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